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Abstract. In this article, we propose and apply a local fractiona homotopy
perturbation method, which is and extended form of the classica homotopy
perturbation method. We discuss convergence aspect of the technique and present two
illustrative examples to show the efficiency of the proposed method in order to find
the approximate solutions for some local fractiona differential eguations arising in
mathematical physics.
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1. INTRODUCTION

The homotopy perturbation technique, which was systematically structured
by He [1-3], was applied to solve several nonlinear problems in science and
engineering. For examples, Ganji and Kachapi [4] discussed the nonlinear
equations in fluid mechanics, Abbasbandy [5] presented the solutions for certain
functional integral equations, Khan and Wu [6] derived the solutions for the
homogeneous and nonhomogeneous advection equations, and Xu [7] obtained the
solution for the boundary layer equation in unbounded domain.

Recently, the local fractional calculus was successfully used to describe the
non-differentiable problems arising in mathematical physics, such as the diffusion
equations on Cantor space-time [8], the linear and nonlinear local fractional
Korteweg-de Vries equation [9], the fractal heat-conduction equation [10, 11],
wave equation in fractal strings [12] and Laplace equation [13].
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Thelocal fractional derivative operator is given as follows [8-13]:

D1 (%)= d“gx(a%) _ A”‘(f(iX_)x—o)fa(xo))

A (F(X)-f(%))=T(1+a)[ f(x)-f(x)] )

Moreover, the loca fractional partial derivatives of higher order is defined as
follows [8-13]:

: D)

where

k times

ka aa a
f(xy)= -
X (xy) ox* ox”

It is an interesting research topic to find solutions of various families of local
fractional differential equations. There are some anaytica and approximate
techniques, such as the local fractional decomposition method [8, 12, 13], the local
fractional Laplace variational iteration method [10], the Yang-Laplace transform
method [11], the local fractional function decomposition method [13, 14], the
Sumudu transform method [15], and so on. The aim of this article is to extend the
homotopy perturbation method in the sense of local fractional derivative in order to
solve some local fractiona differential equations arising in mathematical physics.
The structure of the paper is as follows. In Section 2, the local fractional homotopy
perturbation method is analyzed. In Section 3, two illustrative examples are given.
Finally, the conclusions are presented in Section 4.

f(xy). (3)

2. ANALYSISOF THE METHOD

In order to show the local fractional homotopy perturbation method, we
consider the local fractional differential equation of the type

L, (u)=0,ueR, 4

where L, isalocal fractional differential operator.

We define a convex non-differentiable homotopy H, (u, p) by

H, (u, p)=(1- p"‘)(La(u“)—La(ug‘))Jr p“L, (u“), ueR, pel0,1].(5)
Or, equivaently, by

H, (up)=L, (u")-L,(u5)+p°L,(us), ueR pe[01], (g
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where p isan imbedding parameter and U, isan initial approximation of (5).
Let H, (u, p)=0. Thenitis obvious that
H, (u,0)=L,(u")-L,(us)=0, ©

Ha(u’l):La(ug):O' (8)
In the non-differentiable homotopy, this is called the non-differentiable
deformation and L, (u*)-L, (u5 ) and L, (ug ) are called the non-differentiable

homotopies. By applying the non-differentiable perturbation method, the solution
of (7) can be expressed as follows:

n
u” =ug + U’ + pPUuy + prug +...= Y pUu’ . (9)
i=0

Substituting (9) into (5), we obtain
H, [Z plu, pj =(1- p“)(La (Z p‘uij— L, (UO)J+ pL, (Z p‘uiJ-(lo)
i=0 i=0 i=0

In order to get the approximate solution of (4), we can expand L, (u) into a
local fractional Taylor seriesin the form:

L, (u)=L, (z(; pi“uf’J =

o

_1, (ug)+ A CACY) (ino i _U‘JQ (L () (ZO Py _u‘j .

du” F(l-l— a) du®* F(l-l— Za)

g

+

du™ I'(1+na)
Thus, upon substituting (10) into (7), we have
H[Z pu, pj =
" N a N 2a
() Er) o) (Erue)
du” I(l+a) du® I'(1+2a)
= (1— p") +

d (L, (u)) [ZO: Py _UOJ”“

" du™ I'(1+na)
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2a

o) S (%) (z Py “J (L) (z i ‘“°]
o AN du® F(ln;ra) du® I'(1+2a)
Rk
du™ I'(1+na)

which reduces to

H,(u,0)= La(u“)—La(ug‘)z

(12)

etEe] o)

du“ F(l+ a) du® F(l+ 2a)
4 (La (ug‘)) [; p'u —uoj
+ +...=0,
du™ I'(1+na)

JoEree] e Ees]

_L"(UO i du“ I'(1+a) " du® I'(1+2a)
+d"“(La(u3))(§p”i_“°] o
du™ I'(1+na) T

Using the expression (12), we find that

p*:L, (u*)-L, (u5)=0,

(L) ,
P tara) ()70

(14)

(15)

(16)
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5
du” I'(1+a) du* ['(1+2a)
In view of (16), we have
1 :_F(1+a)La(ug). -
d” (L. (45))
du®
Hence, itsfirst approximate formulais given by
r1 L (ug
B
o 0
du”
When p =1, applying (19) gives us the following iterative formula:
e = Uy — F(]j_ a) Laa(ug) ) (20)
(L, ()
du”

which is the well-known local fractional Newton iteration formula [14] and it is

known to be convergent. Using (20), we get the local fractional Newton-like
iteration formula with second-order approximation in the following form:

d* (L, (ug) “
» :ua_F(1+a)La(u,‘f) I(1+a) (dum ) T(1+a)L, (uf)

n
n+1 n

(L)) T2 o (L ()| od (L ()

du” du” du”
(21)
When p — 1, we have the approximate solution of the form:
a _|; o, ,a _ - a
u _Igmg;p u _;‘ui : (22)

We notice that the classical homotopy perturbation method presented in [1-7] is
obtained when the fractal dimension « is set equal to 1.
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3. TWO ILLUSTRATIVE EXAMPLES

In this section, we present two illustrative examples of the local fractional
partial differential equations arising in mathematical physics.

Example 1. Let us consider the following linear loca fractiona diffusion
equation in one-dimensional case[8]:

o“u(xt) o™ u(xt)
ot o
subject to theinitial condition:
u(x,0)=E,(x*). (24)

=0,t>0, xeR, 0<a <1, (23)

According to the local fractional homotopy perturbation method, we structure the
non-differentiable homotopy given as follows:

o“u(xt) e (aau(x,t) _0™u(xt)

ot” ot” ox2* ) O<p=l, (29)

and we have the following set of linear local fractiona partial differentia
equations:

p : %(:('t):o, Uy (x,t)=E, (x), (26)
p*: aa“gff't) = aw;;gax,t)  W(x0)=0, (27)
p* a‘lu;t(ax,t) = aza;l(z(:('t) , U,(%,0)=0, (28)
p*: Oaugt(ax,t) = aza;)iz(ax’t), u,(x,0)=0, (29)
ot a“ugt(ax,t) _ azagiz(ax,t), 0 (%0)=0, o

and so on.
Calculating from the above equations for U,,U;,U,,U;, and U,, we derive

some components of the local fractional homotopy perturbation solution for (23) as
follows:
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uo(x,t):Ea(x“),
ta
)t = E “ )
%080 =gy gy & ()
tZa
!t = “ ’
e (%) = F gy B ()
t3a .
u3(x,t):r(1+3a) E, (x*), (31)
t4a
!t :—E “ )
U (%) I'(1+4a) ()
u (xt)= t E, (x*),
' I'(l+ia) “
and so on.
Finally, the non-differentiable approximation for (23) becomes
- tla a a a
“(X’t)zgr(ma) E,(x*)=E,(t)E,(x) (32)

and itsgraphisillustrated in Fig. 1.

Fig. 1 — Plot of the non-differentiable solution of (23) with ¢ =In2/In3.
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Example 2. Let us consider the following wave equation in fractal strings
[12]:
o*u(xt) o™ u(xt)

=0,t>0, xeR, O<a<l, 33
6t2a 6X20{ € ( )
subject to theinitial condition:
o“u(x,0)
u(x,0)=0, ———==E_(x"). 34
(x.0) ~ ~E(x¥) (34)

According to the local fractional homotopy perturbation method, we structure the
non-differentiable homotopy given as follows:

o*u(xt) [ 0*u(xt) &*u(xt)
at2a - at205 6X20{

],Os p<l, (35)

and we get the following set of linear local fractional partial differential equations:

00 Gauo(x,t)zo, Up(X,0)=0, aal'lo—(x’o):Ea(x"’), (36)

atZa ata
% U (x,t) 0% uy(xt) o“u,(x,0)
1o . 1 _ 0 . 1 _
P e T e u (x,0)=0, — 0, (37
L 07U, (xt) 9% u (Xt 0“u, (x,0
2 aiz(“ ): a)l(ga ) u,(x,0)=0, —;t(“ ):O, (38)
L 0Ug (X)) 0% Uy (Xt 0“Uy(x,0
S 8:2(“ ): a)z(z(a ) U, (%,0)=0, %:O, (39)
L 07U, (x ) 8% uy(x.t 0u,(x,0
p4 : 6:2(0( ): 8)3(5(1 )’ U4(X,O):O, gt(a ): !
(40)
- azaui(x,t)zéz"ui_l(x,t) (%.0)=0 G‘zu,_l(x,o):0
atZa 8X2a L e N ’ Gta ’

and so on.
Evaluating the above equations for u,,u;,U,,U,, and U,, some components

of the local fractional homotopy perturbation solution for (23) become
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uo(x,t)—r(l+a) E, (x),
ui(xit)—r(ltiasa) E, (x),
uz(x,t):%@(ﬂ),
(40 7y & 0 (41)
040 = gy 0

t(2i+1)a e )
U, (X,t)—m a(x ),
and so on.
Finally, the non-differentiable approximation for (23) assumes the following
form:
n t(2i-¢—1)az
u(xt)=> E, (x*)=sinh, (t*)E, (x*) (42)

ST(1+(2+)a)
and itsgraphisshown in Fig. 2.

t 0 o

Fig. 2 —Plot of the non-differentiable solution of (33) witha =In2/In3.
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4. CONCLUSIONS

In this work, a new and novel approach for solving the local fractional

differential equations arising in mathematical physics is suggested. The local
fractional homotopy perturbation method and its convergence are discussed. Two
illustrative examples are also given to show the effectiveness of the tool for finding
the local fractional differential equations.
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