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Abstract. The purpose of this work is to inquire on the continuum mechanical
features of a system of strongly interacting fermions using the framework of Fermi
liquids. The Landau equation for the Fermi distribution function is transformed into a
set of coupled fluid-dynamical equations for multipole distortions of the Fermi surface
up to l = 3. The set of fluid-dynamical equations for a one-component nuclearFermi
system is applied to the propagation of wave disturbances in infinite nuclear matter and
electric isoscalar giant resonances in spherical nuclei.
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1. INTRODUCTORY REMARKS

Collective modes in electron systems [1] or atomic nuclei [2–8] can be viewed
as elementary excitations of a Fermi liquid. In this framework, at very low temper-
atures, a collective mode may be pictured as an oscillation of the Fermi surface. In
close analogy to a liquid drop, the distortion of the Fermi surface can be resolved
via an expansion in a series of spherical surface harmonics [9]. Restricting this ex-
pansion to quadrupole distortions (lmax = 2) of the Fermi surface, a closed set of
equations is obtained for the macroscopic density and displacement variables that
resembles the equations describing the elastic vibrations performed by an isotropic
solid [3]. To date, apart of refs. [3, 4] that briefly discussed the dispersion relation for
an infinite Fermi system whenlmax = 3, the effect of distortions of the Fermi surface
of multipolarity higher than quadrupole for finite Fermi systems, such as nuclei, was
not tackled in the literature. As pointed in the above cited references, the extension
of lmax to infinity (Landau’s zero sound regime) leads to a significant increase ofthe
transverse sound velocitycT . This fact has the consequence that longitudinal modes
are more easy to excite.

On the other hand along the last six decades there have been many publica-
tions, especially in the literature dedicated to the study of giant resonances [10], that
pointed out that due to the Fermi properties and the nature of nucleon-nucleon in-
teraction, the nuclei display a high-frequency elastic reponse to external excitations
[11–20].
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Elastic properties of nuclear matter is a subject of renewed interest specially in
relation to neutron star crusts studies [21] and in particular the nuclear pasta found
in the inner crust [22]. The elastic properties of neutron star crusts arerelevant for a
wide range of electromagnetic and gravitational wave phenomena.

In a previous work [17] I reported calculations of the isoscalar giant dipole
resonance (ISGDR) which displays a clear bimodal structure. Later on other groups
published results that underscore the continuum mechanical (macroscopic) character
of the ISGDR structuree.g. [23–25]. Apart of some fine structures of the dipole
strength distribution, microscopic calculations confirm the gross bimodal structure of
ISGDR. It is therefore of certain interest to investigate the effect of higher multipole
distortions of the Fermi surface and to test the persistence of the ISGDR bimodal
structure.

In Sec. 2 I derive the equations of motion for the macroscopic fields describing
the distortion up to octupole contributions of the Fermi surface. This formalismis
next applied to finite nuclei (Sec. 3) and nuclear matter (Sec. 4).

2. CONTINUUM MECHANICAL DESCRIPTION OF FERMI SURFACE DISTORTIONS
(FSD)

The key role in describing the equilibrium and dynamics of a Fermi liquid is
represented by the kinetic equation satisfied by the quasiparticle distribution function
np(r, t) in the absence of collisions and external forces [1]

∂nr

∂t
+∇rnp ·∇pεp−∇pnp ·∇rεp = 0 (1)

Collective modes in Fermi liquids within Landau’s theory are investigated by
allowing small amplitude fluctuations around the quasiparticle uniform equlibrium
distribution functionn0

p [1]

np(r, t) = np
0+ δnp(r, t) (2)

whereδnp(r, t) is normalized such that its summation over “p” coincides with the
difference between the number of particlesN in the fluctuated state and in the ground
state,i.e.

N −N0 =
∑

p

δnp(r, t) (3)

The corresponding change in the quasiparticle energy is expressed in terms of the
quasiparticle interaction

δεp(r, t) =
∑

p′

fp,p′δnp(r, t) (4)
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wherefp,p′ is the second variational derivative of the total energy with respect to
np and is interpreted as the interaction energy of the excited quasiparticlesp,p′ [1].
Above it was understood that the fluctuationδnp contains only long-wavelength com-
ponents and is confined to the Fermi surface,i.e.

δnp(r, t) =−δ(εF −εp)νθp,φp
(r, t) (5)

whereνθp,φp
is interpreted as the energy by which the zero sound wave shifts the

quasiparticle distribution in the direction̂p≡ (θp,φp).
Substituing eq. (2) in eq. (1) and keeping only first-order terms inδnp the

linearized form of the kinetic equation is obtained

∂δnp(r, t)

∂t
+∇rδnp(r, t) ·vp−∇pn

0
p ·
∑

p′

fp,p′ ·∇pδnp′(r, t) = 0 (6)

In view of the above mentioned assumption that the momentum vectorp is strongly
peaked in the vicinity of the Fermi surface, one can safely take∇pn

0
p=−vpδ(εp−εF).

In other words, the linearized kinetic equation describes solely quasiparticles of mo-
mentump.

Expanding in spherical harmonics the Fermi surface [9], the following series
representations result for the quasi-particle energy shift and Fermi interaction,

νθp,φp
(r, t) =

∑

l,m

νlm(r, t)Ylm(θp,φp) (7)

fp,p′(r, t) =
1

N(0)

∑

l,m

4π

2l+1
FlY

∗
lm(θp′ ,φp′)Ylm(θp,φp) (8)

where the density of states at the Fermi surface,

N(0) =− 1

V

∑

p

∂n0
p

∂εp
, (9)

was introduced for convenience, andFl are the Landau-Fermi parameters [26]. Sub-
stituting the above two series in the linearized kinetic equation an infinite chain of
equations for the multipole amplitudesνlm results

∂νlm
∂t

+vF
∑

l′,m′

(

1+
Fl′

2l′+1

)

×
∫

dΩpY
∗
lm(θp,φp)

∑

L=l′±1

√

L

2l+1
Y

L
lm(θp,φp) ·∇rνl′m′ = 0 (10)

Let us consider perturbations of the distribution function that are periodicin space
and time and are characterized by the wave-vectorq, i.e.

νl,m(r, t) = νlm(q,ω)ei(q·r−ωt) (11)
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Thus, the following infinite set of coupled algebraic equations are obtained

νlm(q,ω) =
qvF
ω

[

Gl−1

√

(l−m)(l+m)

(2l−1)(2l+1)
νl−1m(q,ω)

+ Gl+1

√

(l+1−m)(l+1+m)

(2l+1)(2l+3)
νl+1m(q,ω)

]

(12)

where

Gl = 1+
Fl

2l+1
(13)

Since the range of values of the Landau-Fermi parameters is constrainedby the sta-
bility requirement [9],i.e., the g.s. is a minimum, theGl coefficients are strictly
positive. For example the zero-order harmonic coefficientF0 is related to the com-
pressibility of nuclear matter [2] and the conditionG0 > 0 insures the positiveness of
this quantity. The conditionG1 > 0 signifies the positiveness of the effective mass.
As shown bellow (see eq. (22)),G2 > 0 in order to accomodate shear motions in the
elastic Fermi liquid.

Following ref. [3] the following macroscopic variables that are associatedwith
each multipole distortion of the Fermi surface are introduced:
density fluctuation (monopole)

δρ= ν00, (14)

current density fluctuation (dipole)

δJ=
1

M

∑

p

pδnp(r, t) =
G1vF√

3

∑

m

ν1meµ (15)

displacement field (quadrupole)

δs=

√
5

2iρ0q

(

ν20e0+
2√
3
(ν21e1+ν2−1e−1)

)

(16)

and the ”octupole” vector field

δO=
3G3

2
√
7

(

ν30e0+
2
√
2

3
(ν21e1+ν2−1e−1)

)

(17)

The above definitions were adopted with the intention to operate with analogous
scalar and vector fields from continuum mechanics. Inserting the above definitions
in the set of equations for the multipole amplitudes (10) and truncating forlmax = 3
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the following equations of motion for the four macroscopic fields are obtained:

∂δρ

∂t
+∇ · δJ= 0 (18)

∂δJ

∂t
+

1

3
v2FG0G1∇δρ+

1

5
ρ0v

2
FG1G2

(

∆δs+
1

3
∇(∇ · δs)

)

= 0 (19)

ρ0
∂δs

∂t
+ δJ+vFδO= 0 (20)

∂δO

∂t
+

8

35
ρ0vFG2

(

∆δs+
1

8
∇(∇ · δs)

)

= 0 (21)

For lmax = 2 the last from the above set of equations is removed and the third
term in the l.h.s of eq. (20) is not taken into account.

It was already pointed out in refs. [3] and [27] that if the Fermi’s surface
distortions are limited to multipole deformations not larger thanl = 2 the equation
of motion for the displacement field is completely analogous to the Lamé equation
describing elastic waves [28]. In this approximation the Landau-Fermi parameters
are related to the Laḿe moduli of a linear isotropic elastic body:

λ=
1

3
ρ0v

2
FG1

(

G0−
2

5
G2

)

, µ=
1

5
ρ0v

2
FG1G2 . (22)

Proceeding in an analogous manner to ref. [17] the scalar functionD corre-
sponding to the dilation-compression (volume specific deformations) and the vortic-
ity vectorω, corresponding to rigid-body local rotations (Cauchy spin tensor), are
introduced

D =∇ · δs, ω =
1

2
∇× δs . (23)

In terms of the components of the strain tensorE≡ (∇δs+ δs∇)/2

D = εii . (24)

This approach, consisting in the separation of the displacement field in a curless and
a divergenceless component is frequently used in static and dynamic problems of the
theory of elasticity [28].

In terms of these new variables the equations of motion (18)-(21) are writtenas

∂2δρ

∂t2
=

1

ρ0
K∆δρ+

4

3
µ∆D (25)

ρ0
∂2D
∂t2

=
1

ρ0
K∆δρ+

4

3
µ′′∆D (26)

∂2ω

∂t2
=

µ

ρ0

′
∆ω (27)
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where

K = λ+
2

3
µ (28)

is the bulk (triaxial) compression modulus [28] which appears in association with the
density fluctuationsδρ as it comes visible from the above equations. The coefficients
µ′,µ′′ are new shear moduli that take into account the octupole distortion of the Fermi
surface,

µ′ = µ

(

1+
8

7
G3

)

, µ′′ = µ

(

1+
27

28
G3

)

. (29)

The equation of motion for the displacement field is obtained by taking the time
derivative of eq. (20) and substituting in the resulting expression eqs. (19) and (21),

ρ0
∂2δs

∂t2
=

1

ρ0
K∇δρ+

1

8

(

µ′+
5

3
µ

)

∇(∇ · δs)+µ′∆δs , (30)

This equation can be further be rewritten by introducing the force derived from the
gradient of a stress tensorT in the r.h.s,i.e.

ρ0
∂2δs

∂t2
=∇ :T , (31)

where ”:” denotes the dyadic product [29] and the stress tensor assumes the dyadic
form

T= eiτijej , (32)

where the summation is understood in the Einstein sense,i.e. after dummy labels.
The componentsτij of the stress tensor are then readily obtained

τij =

[

1

ρ0
Kδρ− 7

8

(

µ′− 5

21
µ

)

εkk

]

δij +2µ′εij (33)

In the caselmax = 2,

δρ= ρ0εii

and accordingly the Laḿe equation (30) and the stress-tensor assume the well-known
forms from classical elasticity [28]

ρ0
∂2δs

∂t2
= (λ+µ)∇(∇ · δs)+µ∆δs (34)

τij = λεiiδij +2µεij (35)

or in tensor form

T= λ(∇ · δs)I+2µE , (36)

whereI ≡ eiδijej is the unit dyadic.
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7 Role of octupole distortions of the Fermi surface on collective modes Article no. 201

3. APPLICATIONS TO CHARGE-INDEPENDENT NUCLEAR SYSTEMS

3.1. FINITE SYSTEMS

For finite Fermi systems, the local Fermi momentum distribution in the sur-
face region is anisotropic [30]. This anisotropy will induce couplings between the
m-substates for a given multipolar statel [4]. In what follows surface effects are ne-
glected (for a qualitative discussion on nuclear surface effects on density fluctuations
when taking into account multipole distortions of the Fermi surface see ref. [31]) and
therefore the system of dynamical field equations deduced for infinite systems [3] is
valid also for finite systems. The finite size of the Fermi system will come up in the
boundary condition which is set for a given radius.

Considering monochromatic elastic waves of frequencyΩ propagating in the
finite Fermi system, the fluctuating parts of the density and the displacement field
will undergo a harmonic variation in time

δρ(r, t) = δρ(r)eiΩt, δs(r, t) = δs(r)eiΩt

In matrix form the compressibility and the vorticity are found to satisfy the scalar
and vector Helmholtz equation respectively





c2S
4
3cT

2
1 0

c2S
4
3cT 3

2 0
0 0 cT2

2











∆δρ
∆ρ0D
∆ω







+Ω2







δρ
ρ0D
ω







= 0 (37)

where
c2S =K/ρ0, cT

2
1,2,3 = {µ,µ′,µ′′}/ρ0

and the sound velocitycS is related to the longitudinal phase velocity

cL =
√

(λ+2µ)/ρ0,

according to the identity

c2S = c2L−
4

3
cT 1

2 .

The first two scalar Helmholz equations describing density and dilation-compression
vibrations are coupled whereas the last one,i.e. the vector Helmholz equation, de-
scribes shear oscillations.

Let me first concentrate on the equations satisfied by the scalarsδρ,D and write
down the regular fundamental solutions of the scalar Helmholz equation correspond-
ing to the eigenvalue of wavenumberkL [32]

{

δρ
D

}

(r,θ,φ) =
∑

λµ

{

aλµ
bλµ

}

jλ(kLr)Yλµ(θ,φ) (38)

In the above expansion formulajλ stands for the spherical Bessel function.
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In what follows I specialize to axial-symmetric dipole modes (λ = 1,µ = 0).
For that purpose the expression for the displacement field has to be corrected in order
to account for the center-of-mass motion. The translational invariance is achieved by
constraining the center-of-massRC.M. to be at rest for a finite spherical system of
radiusR0 [15]:

δRC.M. =

∫

drδs(r)
∫

dr
= 0 (39)

Thence, the longitudinal component of the displacement field reads

δsL(r) =− 1√
3
b10

[(

j0(kLr)−
3

kLR0

j1(kLR0)

)

Y
0

10
(θ,φ)+

√
2j2(kLr)Y

0

12
(θ,φ)

]

(40)
It is easy to check that by taking the divergence of the above vector the expression of
the dilation, as given in eq. (38) forλ= 1 is obtained.

Substituting eq. (38) into eq. (37) a2×2 linear homogeneous set of equations
for the amplitudesa10 and b10 is obtained. A non-trivial solution of this system
results from the condition (dispersion relation)

kL =
Ω

C(c2S , c2T1
, c2T3

)
(41)

where

C−2(c2S , c
2

T1
, c2T3

) =
1

2

1

c2
T3

− c2
T1

[

3

4
+

(

cT3

cT1

)2
]






1±

√

√

√

√1−3
c2
T3

− c2
T1

c2
S

(

4c2
T1

3c2
T1

+4c2
T3

)2







(42)
Then, substituing back in one of the equations for amplitudes the ratio of the density
to dilation amplitudes reads

a10
b10

=
4

3
ρ0

c2T1

C2(c2S , c
2
T1
, c2T3

)− c2S
(43)

Using the proportionality between the scalar fieldsδρ andD, as given by the above
ratio, the stress tensor (33) can be rewritten as

τij = λ′Dδij +2µ′εij (44)

where

λ′ =
1

ρ0

a10
b10

λ−µG3 (45)

Projecting the stress tensor on the normal unit vector to the surface the elastic force
acting on the nuclear sharp boundary is obtained

T n ≡T ·n (46)
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9 Role of octupole distortions of the Fermi surface on collective modes Article no. 201

After elementary calculations it can be easily shown that

T n = λ′Dn+2µ′
[

(n ·∇)δs+n×ωpol
]

(47)

The vector field satisfying the last of the equations in (37) splits into a poloidal
and a torsional solution (see Appendix of ref. [17]). Out of these two only the
poloidal component is related to electric collective modes

ωpol =
∑

λµ

cλµjλ(kT r)Y
µ
λλ(θ,φ) (48)

From the definition of the vorticity vector (23) the form of the axial-symmetric dipole
transverse component of the displacement field constrained by translational invari-
ance, reads

δsT (r) =− 1√
3
c10

[(

j0(kT r)−
3

kTR0

j1(kTR0)

)

Y
0

10
(θ,φ)− 1√

2
j2(kT r)Y

0

12
(θ,φ)

]

(49)
The eigenmode analysis that allows the determination of frequencies consists

in imposing boundary conditions at the surface of the system. On the sharp nuclear
surfaceS the elastic moduli of the Fermi liquid assume the same values as in the
interior bounded by this surface and consequently the elastic state of the body can be
determinedvia the Neumann boundary condition. This is achieved by imposing the
vanishing of the normal and tangential components of the above defined elastic force
at the free surface

(n ·T n)S ≡ Trr|r=R0
= 0, (n×T n)S ≡ (eϕTrθ−eθTrϕ)|r=R0

= 0 (50)

where the stress vectorT n, as indicated by eq. (47), is obtained by applying a first-
order linear differential operator toδs. The above conditions provide two implicit
equations forkL andkT

b10
[

(λ′+2µ′)kLR0j1(kLR0)−4µ′j2(kLR0)
]

+2
√
2c10µ

′j2(kTR0) = 0 (51)

b102
√
2µ′j2(kLR0)+ c10 (kTR0j1(kTR0)−2j2(kTR0)) = 0 (52)

The boundary conditions provide also the ratio

rn =

∣

∣

∣

∣

∣

c
(n)
10

a
(n)
10

∣

∣

∣

∣

∣

(53)

a quantity indicating the admixture between the longitudinal (dilation-compression)
and the transverse (vortical) field in a given eigenmoden. For the physical problem
discussed in this paper only the first few eigenmodes (overtones) are relevant and are
listed in Table 1.
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Table 1

The first 4 overtones of the isocalar electric dipole mode provided by the eigenvalues of the boundary

condition (50) and the vorticity/compressibility ratio for208Pb

Overtone (n) k
(n)
L (fm−1) k

(n)
T (fm−1) ~Ωn (MeV) ~Ωn/~ω0 rn

1 0.33 0.15 6.93 1.00 4.18
2 0.76 0.33 15.69 2.27 0.74
3 0.97 0.43 20.15 2.91 0.13
4 1.17 0.51 24.39 3.52 0.27

For the numerical investigation to be carried out below, I pick up from ref.[33]
the Landau-Fermi liquid parameters for symmetric nuclear matter estimated using
low momentumN−N interactions of the CD-Bonn type. In the present investigation
I assume a constant density inside the nucleus, equal to the saturation density of
nuclear matterρ0 = 0.16 fm−3 and nucleon radiusr0 = 1.14 fm. The following set
of Landau parametersF0 = −0.476;F1 = −0.335;F2 = −0.238;F3 = −0.101 was
taken from ref. [33] where the self-consistent solution of the Babu-Brown equations
for low-momentum CD-Bonn potential is considered.

The application was made for the spherical nucleus208Pb and comparing with
the same case discussed in [17] for multipolarity≤ 2 a narrower spectrum is obtained
with a new mode around1~ω displaying a predominantly vortical structure of the dis-
placement field. This result indicates that by including higher multipole deformations
of the Fermi surface the isoscalar dipole response is enriched in the low-energy re-
gion. The appearence of eigenmodes in the1~Ω and3~Ω energy regions is consistent
with microscopic calculations of the isoscalar dipole transition strenghts distribution
in 208Pb as well the observation of the ISGDR bimodal structure reported by some
experimental groups (see ref. [25] and references therein).

3.2. INFINITE SYSTEMS

It is worthwhile to complete this study with a discussion on elastic waves in an
unbounded nuclear system. As mentioned in the introductory section, the problem
of wave phenomena is a topic of certain relevance for astrophysical applications and
several authors approached it by resorting to the concept of nuclearmatter elasticity
(see [21, 22] and references therein).

Let us consider a plane wave propagating in the direction of the wavenumber
vectork and with circular frequencyΩ in an unbounded Fermi system with octupole
distortions of the Fermi surface included. The fluctuating scalar (δρ,D) and vector
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Fig. 1 – Dispersion law for the longitudinal elastic wave in nuclear matter for FSD with lmax = 2 (eq.
(57), full line) andlmax = 3 (eq. (58)), low energy mode in short-dashed line and high energy mode

in long-dashed lines calculated with Landau parameters extracted from theCD-Bonn potential.

(ω) fields are represented by






δρ
D
ω







(r, t) =







a
b
c







ei(Ωt−k·r) (54)

wherea,b andc are the corresponding space-independent amplitudes. Substituting
the aboveAnsatzin the equations of motions (25-27) and employing the notations
introduced in the above section, a dispersion relation is obtained, which next splits
into a dispersion equation for longitudinal waves

Ω4−k2
(

c2L+
9

7
G3c

2
T1

)

Ω2+
9

7
G3c

2
T1
c2S = 0 (55)

and one for shear (rotational) waves

Ω2 = c2T2
k2 (56)

For distortions of the Fermi surface withl ≤ 2 the first dispersion relation reduce to

Ω2 = c2Lk
2 (57)

When including octupole distortions of the Fermi surface a non-trivial effect is visible
in the dispersion relation for longitudinal-dilation waves,i.e. two branches arise
instead of one as in the case which include up to quadrupole distortions of theFermi
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Fig. 2 – Evolution of the longitudinal elastic wave frequency in nuclear matterwith the parameterG3

for FSD withlmax = 3 and three values of the wavenumber :k = 0.2kF (full line), k = kF (short
dashes) andk = 1.5kF (long dashes).

surface :

Ω2 =
1

2

(

c2L+
9

7
G3c

2
T1

)






1±

√

√

√

√1− 36

7
G3

(

cScT1

c2L+
9
7G3c2T1

)2





k2 (58)

The condition of existence of this second branch is:

c2L+
9

7
G3c

2
T1

>

√

36

7
G3cScT1

(59)

In Fig. 1 the longitudinal dispersion law for FSD with multipolarityl ≤ 2 is
compared to the two branches resulting from the inclusion of the octupole distortions
of the Fermi surface. I remark that for normal nuclear matter (k = kF ) the frequency
of the l ≤ 3 high energy component is approximately 1.15 larger than the frequency
of thel ≤ 2 longitudinal mode.

In Fig. 2 the dependence of the two modes (low energy on the left panel and
high energy on the right panel) for FSD of multipolaritiesl ≤ 3 on the Landau-
Fermi parameterG3 is displayed for three values of the wavenumberk. The first one
(k=0.2kF ) corresponds to dilute matter as encountered at the surface of finite nuclei,
the second to normal nuclear matter (k = kF ) and the last one (k = 1.5kF ) to denser
matter like the one produced in intermediate energy nuclear collisions or exists in
the interior of neutron stars [21]. Since the CD-Bonn selection of the Landau-Fermi
parameters providesG3 ≈ 0.986 one can safely conclude that the energies are only
weakly sensitive to variations ofF3 that do not excceed the unity.
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4. CONCLUSIONS

One of the main conclusions of the present study is that taking into account
the octupole distortion of the Fermi surface it is possible to predict a response in
the low-energy region which is consistent with sophisticated microscopic calcula-
tions made in the recent past as well indicated by very recent experimentaldata. It
also strengthened the view that this type of nuclear collective excitations bears many
resemblances with the elastic vibrations of a classical spherical body. A similar sit-
uation takes place in infinite systems where the inclusion of the octupole FSD gives
rise to new ”branches“ of collective modes.

Since the role of octupole distortions of the Fermi surface is crucial in obtain-
ing a low-energy component of the isoscalar dipole response, one should ask what
can be expected if hexadecupole distortions (lmax =4) are further included in the cal-
culations. The higher-order truncation in this case generates new vectorfields which
apparently have no analogue in continuum mechanics. Contrary to the quadrupole
and octupole case, the vorticity in the hexadecupole case is no longer decoupled from
the general set of equations of motion as preliminary calculations indicate [34].

The present method considered a single species of fermions and therefore it was
justified as a tool to investigate isocalar modes where protons and neutrons move in
phase. For isovector modes or neutron surface modes (such as the alleged dipole-
soft mode) the Landau formalism should be extended to more than one species of
fermions and derive the quasiparticle interaction for asymmetric nuclear matter[35].
In that case the second variational derivative of the total energy appearing in eq. (4)
depends also on the relative spin- and isospin-orientations. In a forthcomming study
I will continue the analysis carried out in the present paper and in one of myprevious
papers on proton-neutron fluid mixtures [36], to elastic two-component mixtures with
material laws extracted from nuclear equations of state [37] and the Skyrmeenergy
density functional [38].
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