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The time-fractional Allen-Cahn equation with Caputo derivative order o € (0, 1]
generalizes phase-field models to capture memory effects and anomalous diffusion in
materials science. Its numerical solution faces the critical challenge of weak initial sin-
gularities that degrade the accuracy of conventional methods. To overcome this, we
develop a spectral collocation scheme that combines fractional Gegenbauer functions
in time and matches the solution behavior at ¢ = 0 combined with shifted Gegenbauer
polynomials in space. Our approach uses differentiation matrices for the fractional
derivative computation and handles nonlinearity through collocation at Gegenbauer
roots. Numerical results demonstrate spectral accuracy for both smooth solutions and
challenging singular cases, validating our rigorous treatment of initial singularities.
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1. INTRODUCTION

Phase-field models, particularly the Allen-Cahn equation, are fundamental for
simulating interfacial dynamics in materials science, fluid mechanics, and biology.
The time-fractional Allen-Cahn equation generated by replacing the classical time
derivative with a Caputo derivative of order o € (0,1] expands this framework to
capture memory effects and anomalous diffusion in complex systems. While this
fractionalization enhances modeling capabilities for metastable and disordered states,
it introduces severe weak initial singularities at ¢ = O that degrade the accuracy of
conventional numerical methods.

Many authors have been interested in investigating the time-fractional Allen-
Cahn equations and providing efficient numerical solutions for them. Sohaib ez al. [1]
introduced a numerical scheme for solving time-fractional Allen-Cahn equation by
approximating the time derivatives by Grunwald-Letnikov formula, whereas the fi-
nite difference scheme is used for spatial approximation. Liu et al. [2] applied L1
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scheme to discretize the time fractional derivatives in the time-fractional Allen-Cahn
equation and applied a stabilized approach and the scalar auxiliary variable technique
to construct its numerical solutions. Hou et al. [3] applied a semi-implicit scheme
based on the L1-Crank-Nicolson approach and the extended scalar auxiliary variable
for the solution of time-fractional Allen-Cahn equations. Liu and Yang [4] intro-
duced a fully discrete approach for the solution of time-fractional Allen-Cahn equa-
tion. In [4], the authors used the spectral Galerkin technique in the space direction
and the Mittag-Leffler function combined with the piecewise polynomial interpola-
tion for the time discretization. In [5], the authors applied the backward Euler con-
volution quadrature rule together with linear weighted stabilized, weighted convex
splitting and convex splitting schemes for solving time-fractional AllenCahn equa-
tions. Recently, Zhang et al. [6] developed two fully discrete schemes based on the
finite element approach and L1 scheme for the solution of time-fractional Allen-Cahn
equation. We also refer to some recent works on fractional equations that are used to
describe a series of phenomena occurring in diverse physical settings [7—12].

The numerical solution of time-fractional equations faces inherent difficulties
due to the nonlocal nature of fractional operators and the weak initial singularities
induced by Caputo derivatives [13, 14]. These singularities degrade the accuracy of
conventional methods, as standard polynomial bases cannot efficiently capture the
solution’s asymptotic behavior near the origin. To overcome these constraints, we
propose a singularity-adapted spectral collocation method that directly embeds the
solution’s intrinsic structure into the discretization basis [15]. The core innovation
of our approach lies in the basis functions whose functional form intrinsically cap-
tures the t7-type singularity at ¢ = 0. Unlike conventional polynomial bases used
in existing methods, these fractional Gegenbauer functions embed the singularity
directly through their expansion. The critical insight is that the terms t™ in this
expansion naturally form a minimal basis for approximating singular solutions. By
selecting A = o (the fractional order), the basis explicitly incorporates the solution’s
t? asymptotic behavior without requiring mesh grading or a priori singularity expo-
nent knowledge. This functional design maintains spectral convergence for singular
solutions.

The remainder of this paper is organized as follows. In Sec. 2, we present the
fractional Gegenbauer functions and their key analytical properties, including orthog-
onality and explicit expansions that embed fractional-order singularities. Section 3
is devoted to the construction of a singularity-adapted spectral collocation scheme
for solving the time-fractional Allen-Cahn equation. We derive the fully discrete
formulation using fractional Gegenbauer functions in time and shifted Gegenbauer
polynomials in space, along with explicit differentiation and fractional operators. In
Sec. 4, we validate the proposed approach with numerical examples to demonstrate
its accuracy and efficiency. Finally, concluding remarks and potential extensions are
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discussed in Sec. 5.

2. FRACTIONAL GEGENBAUER FUNCTION

We denote by Gf' ;(z), j >0, a> —3, v € A= [0, L], the shifted Gegenbauer
polynomials, given analytically by:

; 41
gL.(@ Z kLk’ k= (—1)j—kr(21;f>20‘<;'f]; i) )(( 2))%'
These polynomlals satisfy
[ 92wt e = i m
and
w§@) = (Lo—aho}, hg,— 2 OOt BT @
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Based on shifted Gegenbauer polynomials Qg j(:c), 7 > 0, we can expand any func-
tion ® € LfU% (A) by:

oo L
1
(z) = Z¢jgg,j($)§ bj = e ®(x)G7 j(w)wi (z)dx. A
j=0 L0
We define the orthogonal projection II7 . as follows:
07 Loe(A) = G9; G=Span{Gf ;(x):  0<j<n},
H%q@ = oy (z) = ;'Y:o (z)jg%,j(x) = ‘Pz%,v(w),
Oy =[g;, 0<j<A,  Bas(x)=[07,(@), 0<j<y]".
We denote by ]:gf"/\(t), i>0,a>—%, t€T=[0,1], A€ (0,1], the fractional-
order Gegenbauer functions, given analytically by [16]:
FGIAt) = G52t — 1) Zé‘ofntm, )
and satisfy
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The function ® € L?wa, »(Z) can be expanded by:

i 1
ZZ@FQ?’A(t); @:h% /0 Jw MO FGI N ()dt.  (5)
1=0 1,3



4 M.M. Alzubaidi et al.

We define the span
Fp=Span{FG;(t):  0<i<p},

and the orthogonal projection fo," (L2 (D) — 55 such that

fwozA
A\
(fnp ‘I’—‘I””>fwa,f°7 Vi e §O°,,

PG = @y = Y0, 6iFCE (1) = @F 50000,
Bop= (o 010" §6u,(0) = [FG0, 0<i< "

3. NUMERICAL SCHEME

The current Section is allocated to the numerical solution of the following time-
fractional Allen-Cahn equation

62
cDgpulz,t) — 6215(;2’1/) —u(z,t)+ul(z,t) = @(x,t), weA teZ, (©)
subjected to
u(z,0) = a(x), T € a,

w(0,8) =b(t),  u(L,t)=c(t), teT,

where 0 < p < 1, € are known real constants and ®(z,t), a(z), b(t), and c(t) are
known real functions.
The time-space spectral approach for (6) is to find u, , € G, x FG,, such that

0“U~ (x,t
DG yuy,p(2,t) — 2 555(2 ) —u%p(az,t)—ku?’y,p(x,t) =y p(z,t), (D
where
Pry,p(2,1) :5(’504/;)\( )PpyBaq(2), 3
with

Dy,p = (¥i,5)o<i<p, 0<j<s

Vi = e n a}\//wL ) pw™ )gb(:c,t)g,‘i"j(x)fgf"A(t)dxdt.

L,7'"
If we denote

u%p<mvt) = S@Z;’,),A(t)um@m(x), )]
then we can write
CD(‘)’?tu%p(:r, t)= (CDg,tg®g,p,)\(t)) up’“/ﬁg,'y(x)v

0? 0? (10)
or 5.2 Uy, plz,t) = SQﬁT,p, ()Up <8x2®£7($)>
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The next Theorems are highly useful in subsequent Sections.
Theorem 3.1 [17] The derivative of order q for the vector &, () is given by:

df (@)
80 (2) =DV, (2), (11)

Da:(da,Q) d ,q Cg(lhj)? Z>]7
0, otherwise,

and
L*(i+2a4+1)(i+2a+2),;(+a+2)i—j_1T(j+2a+1)
(i—j—DI0(2j+2a+1)
j—i+1l, i+j+2a+1, j+a+1
X 3Fy i1
jta+2  2j+2a+2

Cq(i,7) =

Theorem 3.2 [18] The fractional derivatives of order o, 0 < o < 1, for the vector
§Ga n A (t) are given by:

CDg,thja,p,)\(t) = E(U)g®a,p,)\(t)a (12)

where Z ;) = (5%0

; ) , and
D) 0<i<p, 0<i<p

ZZ VTEX EX T(mA+1)T <m+n—§+%)_
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m=0n=0

Combining the above two Theorems leads to

CDg,tu%p@vt) gqu,p At )Ea)upﬁ/@g,y(z)v
82 @) sl (13)
912 a2 Uy, P(m t) S@a N )\( )uﬂﬁD 6&,7 (‘T)

Thanks to (9) and (13), we can write the residual R, ,(x,t) of (7) as follows:
,R"Y:P(‘T?t) = S’ngp )\(t) (o‘)up ’76 ( ) - 623’605 0y )\( )up,'YD(Q) 6(6,7 (.’E)

Sﬁgﬁ% (t)up’}/ ( )+S®ap)\( )U,U»’Y@g,’y(ll)
~ 64 (1)Gpr G (2)-

Finally, if we denote the roots of QWL () by xﬁa (0 < a < 7), and the roots of
Fg, +1( ) by tﬁ)‘g (0 < B < p), then the solution of the time-fractional Allen-Cahn
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equation (6) can be got by solving the following system:

Ry p(x ﬁmgg) 0, l1<a<~y-1,1<p<p,
gﬁap)\( )u 6L (xL ):a(mflyla)a 0<a<y,

’ (14)
FOT AUy BL_(0) = b(t0)), 1<8<p,
FOL (DU, L (L) = (i), 1<B<p.

4. NUMERICAL RESULTS

The current Section tests the accuracy of the proposed numerical scheme and
confirm its superiority over other numerical schemes in the literature.
Example 1. Consider the following problem [19]:

2 t 2si t2—o
oD t) - S5 )+ w0) = 2D i), )
u(x,0) =0, 0<z<m, (15)

u(0,t) = u(m,t) =0, 0<t<1,

where the exact solution is u(z,t) = t°sin(z).

This example is postulated by Liu et al. [19] with § = 2, who developed a finite
difference approach with a Fourier spectral technique (FDFST) for approximating its
solution. To confirm the superiority of the numerical scheme introduced in Section 3
over the FDFST [19], we apply our scheme to solve the current problem with o = 1.
Table 1 compares the Lo-errors of u ,(x,t) with p =10 and v = {4,8,12,16 } versus
those given by the FDFST [19] at 0 = A = 0.2. Table 2 compares the Ly-errors of
Uy, p(z,t) with p =4 and v = {4,8,12,16} versus those given by the FDFST [19]
at o = A = 0.5. To test the proposed technique for a problem with a nonsmooth
solution, Table 3 obtains the L-errors of ., p(x,t) with d =0, 0 = 0.2 and 0.5.

Table 1.

Comparing La-errors of u~,,(x,t) versus the FDFST [19] at ¢ = 0.2 for Example 1

FDFST [19] FDFST [19] Present Scheme
M  At=2716 N h=2717 v p=10
25 4.3385.10~* 2°  3.4200.1073 4  3.6731.107%
26 1.1000.10~* 26 2.0022.1073 8  7.0623.1077
27 2.9043.107° 27 1.0715.1073 12 1.9390.10~ 11
28 8.8305.1076 28 5.5260.10 16 1.8470.1016
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Table 2.

Comparing Lo-errors of u~,,(x,t) versus the FDFST [19] at ¢ = 0.5 for Example 1

FDFST [19] FDFST [19] Present Scheme
M  At=2"16 N h=2"1 v p=4
25 3.8225.10~7 2° 2.0717.1073 4 2.5026.1073
26 9.5800.10—° 26 1.0116.1073 8  4.8371.107 7
27 2.4189.107° 27 4.8658.1074 12 1.3301.10~ 11
28 6.3168.10°6 28 2.3374.1074 16 1.2705.10716

Table 3.

Loo-errors of uy, p(z,t) with § = o and o = 0.2, 0.5 for Example 1

v 0=02,p=10 oc=0.5,p=4

4 5.6063.1073 5.7213.1073
8 1.3330.106 1.3423.106
12 3.8996.10~ 11 3.9135.10~ 11
16 1.1102.10715 1.1379.1071°

Example 2. Consider the following problem [20]:

1 2

eDfutar 1)~ TEED e ) a,1) = o)
’ x

u(x,0) =0, 0<z <1,

u(0,t) =u(1,t) =0, 0<t<1,

(16)

where ¢(z,t) is chosen so that the exact solution is u(z,t) = (2 4 1)sin(27x).
Table 4.

Comparing Lo-errors of u~,(x,t) versus the HIA [20] for Example 2

HIA [20] Present Scheme
N p=1 p=2 p=3 ol p=4
10 2.23.107% 4.40.107° 3.54.107° 4 1.16.1072
20 8.44.107° 4.50.107° 8.92.107° 8 1.04.107*
40 4.52.107° 1.89.107° 4.42.107% 12 8.74.1078
80 2.95.107° 2.86.107° 1.06.1074 16 1.78.10~!1

Wang ef al. [20] considered the current problem and introduced a numerical
solution for it. The authors in [20] applied a Hermite neural network technique based
on Hermite interpolation approach (HIA) to approximate the fractional derivatives
in the considered problem. Here, we applied the proposed numerical scheme with
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a = 2. Table 4 compares the Lo-errors of w. ,(x,t) with p =4 and v = {4,8,12,16}
versus those given by the HIA [20] at A = 0.5.

5. CONCLUSION

In this work, we developed a singularity-adapted spectral collocation method
for efficiently solving the time-fractional Allen-Cahn equation. By using the frac-
tional Gegenbauer functions, the proposed method captures the intrinsic t°-type sin-
gularities present in the solution, ensuring high accuracy without requiring mesh re-
finement or prior knowledge of the singularity order. The use of spectral Gegenbauer
polynomials in space, combined with the differentiation matrices for both integer and
fractional derivatives, enables a fully discrete scheme with spectral convergence.

Numerical experiments confirm the method’s effectiveness in resolving initial
singular behavior and achieving superior accuracy compared to conventional ap-
proaches. This framework opens new avenues for solving a broad class of time-
fractional partial differential equations exhibiting weak regularity, with potential ex-
tensions to higher dimensions and nonlinear systems.
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