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We study the electron capture from the solid conduction band into Rydberg
states of multiply charged ions escaping solid surfaces at intermediate velocitiesv ≈ 1
a.u. A quantum two-state vector model enables us to consider the population process as
a synergetic problem, by using the real and imaginary part of the mixed flux I as two
independent modes. We found that an initial chaos in the time evolution of thephase
point (ReI, ImI) results in a self-organization around the stationary point, correspond-
ing to the critical ion-surface distanceRc.
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1. INTRODUCTION

The multiply charged ions transferred through a thin foil at intermediate veloc-
ity (v≈ 1 a.u.) capture a conduction band electrons into Rydberg states with principal
quantum numbernA ≥ Z, whereZ ≫ 1 is the core charge of the formed ion. The
Rydberg states are populated in the outgoing part of the ionic trajectory andat suffi-
ciently large distances (R≈RN

c ) from the back side of the foil. For these reasons, the
time evolution of the active electron quantum state is a rather long process, realized
under prominently nonstationary conditions. Basically, the dynamics of this process
can be described by several quantum models [1–10], as well as by the classical over-
barrier (COB) model [11,12], or its extended dynamic version [13,14].

We provide the results indicating that the nonstationary stages of the electron
state evolution in the ion-surface system possesses some properties typical for non-
linear phenomena. This is possible within the framework of the time symmetrized
quantum model formulated by Aharonovet al. [15, 16] and as a two-state vector
model (TVM) [17–19] in the context of the ion-surface interaction problem. That
is, one can consider the non-resonant electron capture process as asynergetic prob-
lem [20–22] describing the active electron simultaneously by the state|Ψ1(t)〉 evolv-
ing from a given initial state (electron in solid) and with an additional state|Ψ2(t)〉,
which evolves “teleologically” towards a fixed final state (electron in ion). The in-
terplay of the states|Ψ1(t)〉 and|Ψ2(t)〉 at intermediate timet is taken into account
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via a two-state probability amplitudeA(t) of finding the electron in the ionic region.
The mixed fluxI(t) = dA/dt represents a complex two-current through the moving
Firsov planeSF , placed between the solid surface and the outgoing ionic projectile.

We analyze the causal time dependence of the mixed fluxI(t) by means of a
trajectory in the phase planeq1(t) = ReI(t) andq2(t) = ImI(t); namely the modes
q1 andq2 represent relevant quantities for a description of self-organization ofthe
Rydberg states formation in the interaction with solid surface. It appears that behav-
ior of the phase trajectory in the initial stages of the ion-surface interaction isvery
irregular, which is characteristic of deterministic chaos [23]. However, starting from
the critical time onward, a very regular motion of the phase point in the considered
complex plane depicts the subsequent time evolution of the mixed flux. The most
important correlation between the TVM and the synergetic considerations is inthe
fact that the neutralization distanceRN

c , which indicate the most probable ion-surface
distance for the population process within the framework of the TVM, appears as a
parameterR=Rc of the stationary point (q1s, q2s) of the non-linear dynamics in the
complex mixed flux plane. This result can be interpreted as a self-organization of the
ionic Rydberg states formation during the ion-surface interaction.

2. FORMULATION OF THE PROBLEM

Our attention is focused on the multiply charged ions escaping a conduction
solid surface along thez axis perpendicular to the surface, with intermediate veloc-
ities v = Rt ≈ 1 a.u., whereR is the instant ion-surface distance. We consider the
electron capture into the Rydberg states|νA〉= |nA, lA,mA〉, with low values of the
angular momentum quantum number(lA ≤ 2).

In accordance with the very concept of the quantum TVM, the state|Ψ1(t)〉=
Û1(tin, t)|Ψ1(tin)〉 of the active electron (representative electron) evolves from the
initial parabolic state|Ψ1(tin)〉= |µM 〉= |γM ,n1M ,mM 〉, while the state|Ψ2(t)〉=
Û2(tfin, t)|Ψ2(tfin)〉 evolves toward the Rydberg state|Ψ2(tfin)〉= |νA〉 at the final
time t = tfin. By γM we denoted the continuous energy parameter of the electron
in solid (with energyEM = −γ2M/2), andn1M andmM are the corresponding first
parabolic quantum number and magnetic quantum number, respectively. The evolu-
tion operatorsÛ1(tin, t) andÛ2(tfin, t) are determined by the HamiltonianŝH1(t)

andĤ2(t), respectively [24]. The probability of the electron capture into the field
of the moving ion, providing that finally it occupies the given Rydberg state,is de-
termined by the two-state probability amplitudeA(t) = 〈Ψ2(t)|P̂A|Ψ1(t)〉. The pro-
jecting operator̂PA in a coordinate representation is given by the Heaviside function
Θ(z−R+a(t)), whereasz is the instant electron position anda= a(t) is the position
of the Firsov planeSF in respect to the ion.
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The two-state probability amplitudeA(t) can be expressed asA(t)=
∫ t
tg
I(t)dt,

valid for t > tg, where the mixed fluxI(t) is given by the surface integral (Eq. (2.5)
in Ref. [17])

I(t) =
i

2

∫

SF

[∇Ψ1

Ψ1
− ∇Ψ∗

2

Ψ∗

2

−2iv

(

1− da

dR

)

~ez

]

Ψ∗

2Ψ1d~S, (1)

whereasd~S = dS~ez, and~ez is the unit vector of thez axis. In a definition of the
quantityA(t) we took into account that fort≤ tg the reionization process will com-
pletely destroy the formed Rydberg states, so that the population practically begins at
t= tg. In the considered low-l Rydberg states [18,19] it has been possible to extrap-
olate the expression (1) totg = 0. However, the phase trajectory in the initial stages
of the ion-surface interaction is very irregular, which is a characteristic of determin-
istic chaos [23]. The electron exchange process is stabilized at larger ion-surface
distances, where it is characterized by the intermediate transition probability per unit
γM asTµM ,νA(t) = |A(t)|2. By integration over all possibleγM -values, together
with summation overn1M andmM , we get the intermediate population probability
PνA(t). The total rate [18] for the population process can be defined by the following
expression:

Γ̃µM ,νA =
1

TµM ,νA(tfin)

dTµM ,νA(t)

dR
. (2)

We note that the position of the Firsov planeSF in the expression (2) for the mixed
flux is determined by the variation requirementδPνA(t)/δa=0 together with bound-
ary conditionsδa(tin) = 0 andδa(tfin) = 0 [18,25].

As a complex quantity, the mixed fluxI(t) gives us a possibility to consider its
real partq1(t) and imaginary partq2(t) as two generalized coordinates (modes) of
the classical self-organizing dynamics. The corresponding phase trajectory, paramet-
rically defined byR = vt, will be considered in the asymptotic regionR ≫ 1 a.u.,
characteristic for the formation of the Rydberg state(nA, lA,mA).

Restricting to the asymptotic region, we can express the time derivativeİ(t) of
the mixed flux by using the simplest non-linear model:

İ(t) = a1I(t)+a2I
2(t). (3)

Using the notationq1(t) = ReI(t) andq2(t) = ImI(t), Eq. (3) overcomes into the
following system of equations:

q̇1 = L11q1+L12q2+N1(q1, q2), (4)

q̇2 = L21q1+L22q2+N2(q1, q2), (5)
whereL11 = L22 = Rea1 andL21 =−L12 = Ima1. The non-linear terms in Eqs. (4)
and (5) are given byN1(q1, q2) = (q21−q22)Rea2−2q1q2Ima2 andN2(q1, q2) = (q21−
q22)Ima2 +2q1q2Rea2. It is obvious that modesq1(t) andq2(t) satisfy the system
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of first order coupled non-linear differential equations, so we are able to construct a
synergetic description of the charge exchange process. The initial condition q1(tin)≡
q10 = 0, q2(tin) ≡ q20 = 0, wheretin = 0 is presumed. The order of magnitude
of the coefficientsLij in the asymptotic region determines the self-organization of
modesq1 andq2. We haveL22 < 0 and|L21| ≪ |L22|, so that we can introduce the
universal infinitesimalε = L21/L22 = −L12/L11, satisfying the condition|ε| ≪ 1.
To investigate the self-organization of the considered two modes, it is convenient
to distinguish between the order mode and the “stable” (or slaved) mode, which
follows immediately the order mode [22]. However, in the considered problemwe
haveL11 = L22, so that the both modes can be stable (or order). For convenience,
we shall treat theq2(t) = ImI(t) as a stable mode andq1(t) = ReI(t) as an order
mode. The system “q2”, Eq. (5), is damped in the absence of the system “q1”, Eq.
(4), becauseL22 < 0.

We can use the adiabatic elimination technique [22] to obtain an explicit and
unique solution of the system given by Eqs. (4) and (5). That is, we may solve Eq.
(5) for stable mode by puttinġq2 ≈ 0, and thus eliminate the stable mode from the
system of equations. By this procedure we get the connectionq2 = F(q1) between
the two modes determined by the following equation:L21q1+L22q2+N2(q1, q2) =
0. With the relationq2 = F(q1), Eq. (4) for the order mode obtains a form of
a classical equation of overdamped motion of the formq̇1 = F (q1), whereF is a
generalized force. The stationary solutionq1 = q1s of the former equation, defined
by the conditionq̇1(q1s) = 0, together with the corresponding valueq2s = F(q1s)
constitute the stationary point(q1s, q2s) of the considered system. We note that,
outside of the adiabatic approximation, the stationary point is defined by the system
of equationṡq1(q1s) = 0, q̇2(q2s) = 0. The stationary point represents an equilibrium
point of the system. If the nonzero stationary solutionq1s 6= 0 exists, the system
(phase point (q1, q2)) from the equilibrium point(q10 = 0, q20 = 0) at t = tin = 0
“has internally decided to produce” a finite quantityq2s = F(q1s), i.e., we have a
self-organization in the system. The stationary point(q1s, q2s) characterized a new
equilibrium at the timet > tin = 0. This point is defined by a system of coupled
algebraic equations:

L11q1s+L12q2s+N1(q1s, q2s) = 0, (6)

L21q1s+L22q2s+N2(q1s, q2s) = 0. (7)
In the considered adiabatic approximation, the stationary point belongs to thephase
trajectoryq2 = F(q1). The ion-surface distance corresponding to the point(q1s, q2s)
can be considered as the critical distanceR = Rc for the formation of the particular
Rydberg state by the self-organizing procedure,i.e., we have a conditioṅq2(Rc) = 0.
In this case, the stationary point(q1s, q2s) could be a stable point that corresponds
to the formation of a stable ionic Rydberg state, or could be an unstable point that
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represents a formed ionic Rydberg state that is not stable due to significantprocess
of reionization; in the second case, the small fluctuations of the system pushit away
from this unstable point to the new critical point.

3. A SELF-ORGANIZATION OF THE IONIC RYDBERG STATES FORMATION

Further analysis of the self-organization process consists in determinationof
the stationary point of the system. The first step is to establish the expansion coeffi-
cientsa1 anda2 in expression (3) explicitly. The coefficienta1 can be obtained from
the asymptotic expression of the mixed fluxI(t). On the other hand, the coefficient
a2 can be expressedvia a1 within the framework of the proper non-linear model for
the time derivative of the mixed fluxI(t) valid in the asymptotic regionR=Rc.

We consider the case of low angular momentum Rydberg states, when the ex-
pression for the mixed flux is known in the analytic form: Eq. (4.2) in Ref. [17] for
the point-like core approximation and Eq. (17) in Ref. [18] for the polarized cores.
In the first case we have

I(t)≈ I0 exp(iδ)exp[iwt+(γ̃M −γA0)gR− γ̃MR] , (8)

whereI0 is a slowly varying real function of time,̃γM = [1+3/(4α)] [1+3/(2α)]−1/2 γM ,
w = (γ̃2M − γ2A0)/2− v2(1− 2g)/2 andγA0 = Z/nA. The parameterα = α(R) =
γ2MR/(Z − 1/4) is introduced as a scaling parameter to characterize the electron
transitions in the very vicinity of the potential barrier top. We note that these elec-
tron transitions are responsible for the population of the resonant Rydberg states
nA = nres. The parameterg = a/R= g(γ̃M ,γA0,v), which determines the kinemat-
ics of the Firsov plane, is explicitly given in Ref. [25] (withγ → γ̃M ). By δ in Eq.
(8) we denoted the phase factor that can be considered as a real, time independent
quantity. Using Eq. (8) we get an approximate expression for the time derivative of
the mixed flux. Comparing the so obtained expression with Eq. (3) we get

Rea1 = L11 = (γ̃M −γA0)gv− γ̃Mv, Ima1 =−L12 = w. (9)

In order to calculate the coefficienta2, we propose the exponential model
˙̃I = 1− exp(−kĨ), whereĨ = λI, |kĨ| = |kλI| ≪ 1 andk is a complex constant.
In addition, we assume thatλ is a real parameter, which is possible only for spe-
cific values of the phase factorδ. Using the first two terms in the expansion of the
right hand side of the last expression, we obtain the expression of the form (3) pro-
vided thata2 = −λa21/2. From the last relation we get Rea2 = −λ(L2

11 −L2
12)/2

and Ima2 = λL11L12, whereλ is at present a free parameter. In the low velocity
limit v → 0, when the electron transitions are isoenergetic, we havew → 0. In this
case we getL11 → 0 andL12 → 0, so that Eqs. (6) and (7) are identically satisfied
for any stationary point. For nonresonant electron transitions, characteristic for the
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intermediate velocities, we still have thatw ≈ 0. Therefore, we have that|L12| ≈ 0,
which implies the validity of the relation|ε| ≪ 1.

A system of equations (6) and (7), which determines the stationary points,
can be solved analytically. By elimination of the quantityq21s − q22s from the con-
sidered system and using the relations for Rea2 and Ima2, we getq2s = q1sε/[1−
(

1+ε2
)

λL11q1s]. Inserting last expression in Eq. (7), we obtain the following equa-
tion for scaled stationary pointQ1s = λL11q1s:

Q1s

{

1+
1

Q1s(ε)
−Q1s

[

1− ε2

Q2
1s(ε)

+
1−ε2

Q1s(ε)

]}

= 0, (10)

where we used the notationQ1s(ε) = 1−
(

1+ε2
)

Q1s. The solutionq1s = q10 = 0,
when q2s = q20 = 0, corresponds to the initial state of a system with ion-surface
distanceR = 0 as well as to the final state of the system (R → ∞). The shift of
this point fromtin to tc (or from tfin to tc), wheretc corresponds to the critical
ion-surface distancesRc ≫ 1 a.u., is due to the self-organization in the system.

The nonzero solutions of Eq. (10) are:Q(1)
1s = 2/(1+ ε2) andQ(2/3)

1s = (1±
iε)/(1+ ε2). From these solutions only the first one can be close to the phase tra-
jectory since the last two are physically irrelevant (out of range ofQ1s); the second
scaled stationary pointQ2s = λL11q2s is obviously a form ofQ2s = −2ε/(1+ ε2).
The parameterλ figuring in the relationsQ1s = λL11q1s andQ2s = λL11q2s can
be obtained from the explicit expression for the mixed flux, with appropriatechoice
of the phase factorδ. However, for our further analysis of the critical ion-surface
distanceRc, it is sufficient to consider the relationq2s/q1s = −ε, which leads us to
the conclusion that the stationary point(q1s, q2s) that belongs to the formation of the
stable ionic Rydberg state, is in the intersection of the lineq2 = −εq1 and the phase
trajectoryq2 = F(q1).

4. RESULTS AND DISCUSSION

The exposed method for determination of the critical ion-surface distancesRc

will be tested first in the case of ArVIII ion escaping the graphite solid surface in
the normal emergence geometry withv = 1.42 a.u. We consider the population of
the resonant level (nA = nres, lA = 1) by the electron captured from the Fermi level,
i.e., we takeγM = 0.47 a.u. ≈ γF , whereγF =

√
2φ. We use the valuesn1M =

mM = mA = 0, which give the main contribution to the population probability. In
Fig. 1(a) we present the total ratẽΓµM ,νA via ion-surface distanceR. We consider
the population of the resonant Rydberg states withnA = 9, 10, and 11 of the ArVIII
ion interacting with solid surfaces with work functionsφ = 5 eV, 4 eV, and 3 eV,
respectively. In Fig. 1(b) we present the stable modeq2 = ImI via R for the same
ionic characteristics as in Fig. 1(a). From Fig. 1 we can see that the neutralization
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Fig. 1 – Comparison of the neutralization distancesRN
c obtained from(a) the positions of maxima of

the total rates̃ΓµM ,νA
with (b) the critical distancesRc recognized in self-organized procedure as

q̇2(Rc)≈ 0 in the case of ArVIII.

distancesRN
c , obtained from the positions of maxima of the total ratesΓ̃µM ,νA , are

comparable with the critical distancesRc obtained in self-organized procedure,i.e.,
imposing the conditioṅq2 ≈ 0 on the stable mode. We recall that the critical distances
Rc for the electron capture estimated byRc ≈RN

c =2καR/[γ̃Ag+ γ̃M (1−g)] within
the framework of the TVM, determine the ion-surface distances characteristic for the
electron transitions in the very vicinity of the potential top. Parametersκ andαR

in the former expression are explicitly given in Ref. [17]; the energy parameterγ̃A
corresponds to the considered Rydberg state in the field of polarized ioniccore. The
stable modeq2 = ImI is defined up to the phase factorδ of the mixed flux. However,
theRc values defined by the conditioṅq2(Rc) = 0 are practically independent on the
value ofδ. By this procedure we implicitly determine the factorδ corresponding to
the exponential model with realλ parameter. This circumstance enables us to present
the evolution of the phase point and the position of the stationary point.

The full insight in the self-organization in the formation of the Rydberg state
can be seen from the time evolution of the phase point in the complex mixed flux-
plane. The stable point(q1s, q2s) is defined in the intersection of the lineq2 = −εq1
with phase trajectory. If we bear in mind Eq. (9), the quantityε is given byε =
w[(γ̃M −γA0)gv− γ̃Mv]−1. From the last relation based on the mixed flux, we can
see thatε depends onR. For small values ofR, corresponding to the initial stages
of the process, we are far from stable region. However, in the asymptoticregion we
have basicallyε≈ const≪ 1.

In Fig. 2(a) we present the initial stages of the phase trajectory, considering the
vicinity of the initial stationary point(0,0). We are able to recognize an irregularity
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8 S. M. D. Galijǎs, G. B. Poparíc (c) 2025 RRP

Fig. 2 – (a) The initial and (b) the self-organizing stages of the phase trajectory q2 = ImI via
q1 = ReI in the case of ArVIII.

of the phase trajectory. This circumstance suggests that a formation of the stable
bound states of Rydberg ions is not possible in the initial parts of their trajectory. In
Fig. 2(b) we show the asymptotic case of the ion-surface distances wherethe phase
points are organized in a smooth part of the phase curve. In the same figure we
recognize the stationary point obtained in the intersection of the lineq2 =−εq1 with
the phase trajectory.

So far our consideration is devoted toγM = γF . The contribution of other
initial states can be also considered within the self-organizing procedure.That is,
by taking into account that the electron-capture transition probability is determined
by TµM ,νA = |

∫ t
0 I(t)dt|2, we can establish the connection between the probability

of the electron capture process and the area enclosed by the phase trajectory. Figure
3(a). shows the ArVIII phase trajectories forγM = 0.47,0.57,0.67, and 0.77 a.u.,
nA = 11, lA = 1, n1M = 0, with the velocityv = 1.42 a.u. of the ionic projectile. For
γM = 0.47 a.u., we have the maxima of the covered area that is in agreement with the
fact that the maximal transition probabilityTµM ,νA is from the Fermi level, which is
also in agreement with the available beam-foil experiments [26,27].

In Fig. 3(b) we present the neutralization distanceRc for the population of the
resonant Rydberg states of the ArVIII, KrVIII and XeVIII ions escaping the various
surfaces. We consider the normal emergency geometry, taking for the ionic velocity
the valuev = 1.42 a.u. The distancesRc obtained using the SO methodology (full
curves) are in a good agreement with the TVM prediction (dots). Finally, theion-
surface distance of formation of Rydberg states above the surface canbe estimated
by employing the COB model for resonant electron exchange between metaland ion.
ForZ =8 ions, the obtained first neutralization distanceRclass

c =
√
8Z+2/(2φ) [28]

http://www.infim.ro/rrp submitted to Romanian Reports in Physics ISSN: 1221-1451



(c) 2025 RRPSelf-organization of the ionic Rydberg states formation in the interaction with solid . . . 9

Fig. 3 – (a) The phase trajectory in the case of ArVIII ion escaping the solid surface (φ= 3 eV,
v = 1.42 a.u.) forγM = 0.47,0.57,0.67, and 0.77 a.u.; (b) Neutralization distancesRc for the

different ions with the same core chargeZ = 8 escaping the solid surface withv = 1.42 a.u., for
electron capture into the Rydberg state: ArVIIInA = 11,10,9, KrVIII nA = 12,11,10 and XeVIII

nA = 13,12,11 for φ= 3,4,5 eV, respectively (l = 1,mA = 0). The dots correspond to the
predictions of the TVM, the dashed curve presents the first neutralizationdistance proposed by the

COB method and full curves present the critical ion-surface distancesRc obtained using the
self-organizing methodology.

(dashed curve) is in very well agreement with the SO method, particulary for pure
metal.

5. CONCLUDING REMARKS

We have opened up a new way to investigate electron capture from the solid into
Rydberg states of highly charged ions. The synergetic approach has establish itself as
a powerful method of investigation of population process. It is a direct consequence
of the applied teleological model with two states; only in such a case, one can define
the mixed flux as a complex quantity with both ReI(t) 6= 0 and ImI(t) 6= 0. It has
been found that these two quantities play role of the orderq1 and the stableq2 modes
in the self-organization of the ionic Rydberg states formation in the presenceof the
metal. The obtained position of the stable point and the corresponding ion surface
distance, means that the self-organization occurs when the information coming from
the past and the information arriving from the future are in agreement as seen from
the standpoint of the mixed flux.

In the low angular momentum case, the mixed flux can be expressed in the ana-
lytical form and it has been possible to develop an analytical method of investigation
of the self-organization process. For largel values one has to develop a numerical
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method. The renormalization of the quantum teleology, as a method developed in
order to include the reionization, effect on the formation of the ionic Rydberg states
in a specific way. For the observable Rydberg states, the self-organization is sur-
vived with the position of the stable point shifted toward larger distance; in thecase
of short-lived Rydberg states, the self-organization is completely destroyed. In the
fast ionization case, the distanceRc is shifted to the very large distances where the
probability of the electron capture is negligible. Electron capture into the Rydberg
states from the surface covered by the screening thin film in the presenceof the weak
electric field, may be relevant for further synergetic investigation [29].
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