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We consider perturbations on the nonlinear Schrodinger equation and the Boussi-
nesq equation. These involve dispersion terms of various orders, higher-order nonlin-
earities, and self-steepening terms. For example, in some cases these can combine
to constitute the Hirota or Sasa-Satsuma equations, but mostly they result in non-
integrable equations, so there is no simple exact solution. We determine the actual
shape changes induced by the imposition of perturbations and plot these.

1. MOTIVATION

In the strict sense of the word, solitons are pulses that can pass through each
other without change in shape, and this only occurs when the physics is described by
an integrable system like the nonlinear-Schrodinger equation (NLSE), Korteweg-de
Vries (KdV) equation, modified Korteweg-de Vries (mKdV) equation, etc.

Over the years, ‘soliton’ has been used more loosely to describe any pulse that
propagates forever without change of shape, even though it may not satisfy the loss-
less collision condition described above. Hence the name is retained in the class of
‘dissipative solitons’ [1].

Stories of huge oceanic rogue waves sinking ships have fascinated people for
centuries. The interest increased after the first scientific measurement of one, viz.
the ‘Draupner wave’ in 1995. Some physical explanation of the growth and decay
of such a wave was given in [2,3]. From 2009 onwards, higher-order rogue waves
solutions have been found [4], and these have been verified by observations in water
tank experiments [S]. Multi-component rogue waves have also been presented. For
example, a non-recursive Darboux transformation formalism was used to obtain a
hierarchy of rogue wave solutions to the Manakov system in [6].

There have been some excellent review papers covering this research theme.
Generating mechanisms are covered in [7], while multidimensional nonlinear sys-
tems are treated in [8]. Many topics, including the Peregrine wave, higher-order
rational solutions of the NLSE, and classification of the rogue wave patterns, in-
cluding circular structures that resemble atoms with electron shells, are summarized
in [9]. Then, [10] covers rogue waves in nonlinear optics. Further structures in op-
tical media are discussed, as well as the application to Bose-Einstein condensates,
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in[11].

A few authors have considered the question as to whether rogue waves can exist
in non-integrable systems. A perturbation solution for deviations from the NLSE was
introduced in [12]. More recently, the approach of that paper has been verified in [13]
and further numerical calculations have been made. The term ‘rogue wave’ (RW)
is used in papers like [14, 15] to describe some cases of evolution from a starting
condition in a non-integrable system, but then, no isolated rogue wave is seen, and
it seems unreasonable to use the term for these cases, since there is just an irregular
pattern of ‘hills and valleys’. So it is still an open question as to whether any non-
integrable system can support exact rogue waves. It appears more likely that RWs,
in the strict sense, occur as a type of ‘resonance’ that depends on the system being
integrable.

However, for perturbations that are small, as considered in this paper, the resul-
tant formation may just look like a modified regular rogue wave, and this can appear
and disappear before the perturbation has much long-term effect, e.g. by causing
modulation instability. Deviations from the Sasa-Satsuma and Hirota equations have
been considered in [16]. These are further extended here in Sec. 3. The purpose of
this paper is to find and illustrate the shapes of perturbing functions caused by vari-
ous terms added to the original equation. Each term has some physical significance,
e.g. dispersion terms of various orders, self-steepening terms, and ‘quintic’ and other
higher-order nonlinearities.

2. NONLINEAR SCHRODINGER EQUATION (NLSE

We take the NLSE [17] with a perturbing term for higher order dispersion:
1
iux(a;,t)—i-iutt(m,t)+u(a:,t)2u*(a:,t)+65:0. (1)

and let u = pe®, S = Re'®. The perturbing term depends on various amplitudes and
derivatives, e.g. R = R(ug, us, ugr, u,u*,|ul). We let p = po + er(x,t). So when
e = 0, then the basic solution of the NLSE is 1 = pg e*® where

14 2ix
1+4z2+412
Throughout this paper, we use D = D(z,t) = 1+ 4a? + 4¢%, so here py = 5(1 +
2iz) — 1. Then

po =

1 . *
eR(z,t)+ §ptt +ipe(z,t) +p(z,t)(pp* —1) =0.

So
1
D?[5 (ree+ 2iry) + Rz, t)] + [16t* +8¢% (422 — 7) + 162" + 722° +17] r(,1)
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+ [48 + 4 (2 — 20) — 3] 1 (2, £) = 0.
For the initial Sections, the perturbing term is S = S,, = d,, (i)" u(O™) (x, 1),
where d,, is a coefficient marking the nth order dispersion.
Hence, R = R,, = d,,(i)" p®™ (z,t). We get:
. 1 . «
" dy epn,g + 5 pu(@,1) +ipe +p(,1)*p" (1) = pla, 1) =0, @)

where p,, ; is the nt" derivative of p with respect to t.
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Fig. 1 — First order |r1| perturbing function, where r1 = w So the full solution is given by
/ 2

p=po+ediri(z,t), where € is small. So, |r1| = mi‘;iﬁ' There are four maxima; these occur

3v/3 =~ 1.3, so we need to ensure that 1.3ed; < 1.

when x = i%,t = i%. In each case, the max is vi

In fact, we mostly set d,, = 1. The volume of a rogue wave is [18, 19]:
V=— (lu(z,t)|* —1)*dxdt. 3)

8m —o0 J —00
So the volume can deviate from unity by a term of order e.

2.1. NONLINEAR-SCHRODINGER EQUATION, n=1

So, if d; = 1 we have the n = 1 case:
4 +27) (2% + 227 +1) (ry + 2iry)
+ [48 + A (w — 20) — 3] 1 (w, £) + 32y t (22 — i)
1
+orOD (1) +irO (2, 1)

2
+ [16t* +8¢% (42® — 7) + 162" + 722 + 17| r = 0.
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(1+2ix)q(x,t)

Now r takes the form of the following trial function: r = r; = (42 dz2 4 1)%

with ¢(z,t) real. We find that the solution is
Gz = 32t,
So g =32zt + f1(t), with f1(¢) having powers of ¢ not greater than 1. Hence f1(t) =
c1t, with ¢; being a constant. Setting this to zero, we find, for d; = 1:
q = 32tx.
Now ry is plotted in Fig. 1. This gives V; =1+ %, so V1 =1 to order e.
2.2. NONLINEAR SCHRODINGER EQUATION, n = 2: SECOND ORDER DISPERSION

(142iz)q2(,t)

2 1dz2 1 1)7 we find:

Now with ds = 1 we have the n = 2 case: Withr =79 =

q2.x = 0

s0 g2 = f2(t). The second equation then shows fo(t) = —32t2 4 cot. Setting the
constant co = 0 gives the n = 2 solution:
g2 = —32t°dy.
So
32t2 (1 + 2ix)
(462 + 422 +1)%

We plot the second order |ry| perturbing function in Fig. 2.

In this case, the dispersion is of the same form as the dispersion term in the
original NLSE. Hence, we can write down the exact solution:
4(1+ 2ix)

p(z,t) = —13 —1.
T—2dze +4r2+1

This shows that Vo = /1 — 2dae ~ 1 — dge. To order e, this gives:
4(1+2ix)  32dot?(1+2iz)e
A2+ 422 +1 (442 + 422+ 1)
So this verifies that go = —32t2d5 as above, and shows that V5 = 1 — dae to order e,
agreeing with the above.

p(z,t) = -1+

2.3. NLSE: THIRD ORDER DISPERSION

This time, r = r3 = %. We find that the solution is
g3 = 48idst [4£* + (—2z +1)?] . @)

This agrees with the answer found in [12]. We plot this third order perturbing
function |rs| (with d3 = 1) in Fig. 3. The maximum occurs on two circular ‘craters’.
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|rl(x’t) |
0.

2 .
Fig. 2 — Second order |ra| perturbing function, where ro = — W So the full solution is given

by p = po + edara(z,t), where ¢ is small. When x=0, the function is real, 7o = 2 > and |r2|

32t
(4t241)
reaches its maximum when t = :I:%. In each case, the maximum is 2, so we need to ensure that
2e << 1.

3. PERTURBATIONS ON THIRD ORDER EQUATIONS: GENERAL

We can include other perturbations (e.g. see [16]):
. 1 .
Uy + ot +u(z,t) ]u\Q + Ze[afu(x,t)(\UIQ)t —d3u + Sa(MQ u) =0.  (5)

Here, the coefficients s,, ay and d3 are three independent parameters (of order 1).
So we have included a self-steepening term, s, %(|u|2u), a term related to the self-
frequency shift, a ju %(|u|2), and a 3”4 order dispersion term, dzuy; [12,20].

The overall factor ¢ must be small, indicating that the three terms are pertur-
bations. When ¢ = 0, the equation reduces to the NLSE. Now r = r3 = gfz(&tt)), as
above. The form of the perturbation term needed in the solution is :

g3 = eds 8t[Azk(z,t) +if (x,1)], (6)

where k(x,t) turns out to be a constant, say k3. The real part shows that
fx,t) = 16t*(ay + 3ds) + ks (—4t* + 42° — 1)

8

2 2
tsa (288" 42"+ 1) +yr(t) expl— ey

]

8
42 + 422 +1
where E7 is the exponential integral function. Thus:

f(x,t) = —gs(x,t)(3ay +6d3 — ks +5s,) + 16t*(as + 3d3)

8
— 8¢ 12+42211 [ ( > (3af+6d3—k3+58a)
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Fig. 3 — Third order |r3| perturbing function. So the full solution is given by p = po + edsrs(x,t),
where € is small. When x=0, the function reaches its maximum when t = :I:% (1 + \/5) ~ +1.20711
and when t = :I:%(\/ﬁ —1) &~ £0.20711. In each case, and on the two circular ‘craters’ seen, i.e.
(t+ %)2 2% = i , the maximum is 6, so we need to ensure that 6|e|ds < 1. The minimum is zero

and this occurs for t = 0 and for (x,t) = (0,£1/2).

8
42 4+ 42241
where the function g3(x,t) is unbounded, so its coefficient must be zero, i.e.

k(x,t) = ks = 3as +6d3 + 55,.

+ks (4% + 42 — 1) + 5, (2862 + 42% +1) +y7(t) exp[— ],

Then
flz,t) = (—4t* +42® — 1) (3as + 6ds + 5s4) + 16t* (as + 3ds3)
8
].

2 2
+54 (2862 + 422 +1) +y7(t) eXpl— ]

Solving with this shows that y7(¢) = 0 and so
f(@,t) = 4t*(ay +6d3 +254) + 122%[a; +2(ds + 84)] — 3a; — 6d3 — 45,.

If ay = s, = 0, then this reduces to the solution of Eq. 4. We can find the volume for
this case:

Va:—/ / (lu(x,t)|*—1)*dedt =1
87r —00 J =0

+€ [sa(11lay +24d3) + 3(ay +2ds)? + 11s2] . (7
So, to order e, the volume retains its value of unity.

3.1. PERTURBATIONS ON THIRD ORDER EQUATIONS: HIROTA EQUATION

If we set the small parameter € = a,d3 = 1,ay = 6,s, = —6, then we obtain
the Hirota equation:

1
iux—i-iutt—i-u(x,tﬂu]?—ie(uttt—i—GutluP) =0. (8)
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Fig. 4 — Third order |ry| = % [tz (1 + 2ix)| perturbing function, equation (9) from equation (8)
Jfor Hirota equation (d3 = 1,ay = 6,54 = —6 in Section 3), i.e. equation 10. So the full solution is
given by p = pg + ery (z,t), where € is small. The maximum is about 8, so we need to ensure that
8¢ < 1. This has a similar form to the second order perturbing function of Fig. 1.

The volume V}, = 1, correct to order .. Now, using Eq. (6), its solution is u = pe'®,
where:

D =po +€rp,
_ A1+2ix
pO_4D(x,t) 1 and
192tz
=————(142:ix). 9
Th DQ(I‘,t)( + Z'CC) ()
So
we ™ 144l T HE Y gg 1T (10)
~— —— [1 —48e ——].
D(z,t) D(z,t)

Now we can compare this with the exact solution for the ‘NLSE+Hirota’ equation
[21], i.e.
1+ 2z

T =y ~1. 11
we 1+ 422+ 4(t + 6ax)? (b
This shows that V}, = 1 exactly, for any «.
Expanding to order «, we obtain:
, 1+ 2ix tx
T~ —1+4 1-48 .
T Dy T D
This is the same (since € = «) as Eq. (10), thus verifying the perturbation result.
We plot the magnitude of the perturbation term, |ry,| = | 17129(2;% (14 2iz)| in

Fig. 4.

3.2. PERTURBATIONS AROUND THE SASA-SATSUMA EQUATION

To study perturbations of the Sasa-Satsuma equation (SSE), we employ coeffi-
cients s4, ay and d3, so that the full expression is still Eq. (5).
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For the Sasa-Satsuma equation itself, we have s, = —6,a; = 3,d3 = 1.
We can approximate the solution around the integrable SSE case by taking
s, being arbitrary and considering the line ay = —3 — s,. Using the parameters
satisfying this relation [16] allows us to get approximate solutions. These cases are
not integrable unless s, = —6. To first order in e, the solution is:
u(z,t 4 . 8te )
(eifc) =p=po+ersse(z,t)=—1+ 5(1 +2ix) + ﬁ[4knx+2fa(:1:,t)], (12)
where D = 14422 +4t%. We now find that k,, = 2s, — 3 and the polynomial f,(z,t)
is:

fa(z,t) =3 — 54 +4t% (54 +3) + 1222 (5, — 1).

We plot the magnitude of rgsp = % [4knx +1ifo(z,t)] for one example in Fig. 5.
To order ¢, the volume retains its value of unity.

Fig. 5 — Third order |rgs | perturbing function. So the full solution is given by p = pg + erssg(z,t),
where € is small. Here sq = 0,05 = —3,d3 = 1. Hence kn = =3, fo = 3(1 4442 —4:L’2), SO

rSSE = 23? (4752 — 42?4 diz + 1). The maximum magnitude is 6, occurring at (x,t) = (0, i%), 50

we need to ensure that 6e < 1.

4. FOURTH ORDER (n = 4): PERTURBATIONS ON NONLINEAR SCHRODINGER
EQUATION

4.1. FOURTH ORDER DISPERSION AND A QUINTIC TERM

We now change the term perturbing the nonlinear Schrédinger equation to in-
clude a fourth order dispersion and a quintic term, first considered in [22] :

1
R= uo(x,t) ’UO(CC,t)\4 - G (Uo)tttt.
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Thenry = 1+ % [qar + 2ix q4i], where
qar = —16 (Tt +1* (242 — 5) + 172") — 8822 — 5,

q1; = —80t* — 64t (32 — 2) — 827 (142 + 1) +5, (13)

ie.
256
= 53
where D = 4t? 4+ 422 + 1, as before.

Then |r4| has a maximum of ~ 11.64 (when ¢ = 0,z ~ +0.301). It is plotted
in Fig. 6. It has zeros on the x axis when ¢ = 40.249,4+0.954, £2.297 and has a
background value of 1/2.

2 8 1
Ty t2(1 + 2ix) — ST+ 14iz) + 5 (8t + (2t +3) (1 +2iz)]| + 3 (14

Fig. 6 — Fourth order |r4| perturbing function, using equation (14). So the full solution is given by
p = po +eryg(x,t), where € is small. The maximum is about 11.64, so we need to ensure that
11.64e < 1.

The background intensity level (dy = 1) is plainly |up| = | — 1+ 5|. Here we

then have:
1 o0 o 536

4.2. COMBINED DISPERSION, HIGH-ORDER NONLINEARITY, AND OTHER TERMS

4th

We now change the perturbing factor to include more terms added to order

dispersion :

1
R = s4(uo) et +uoluo|* + m(‘w +57654) (o) et |uo|?

1 1 17
+ﬁ(57654 — 37)up|uge|* + (654 — g)uaugt + %ug(ua)tt,
with s4 being an arbitrary parameter.
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Then u = pe’® where p = pg+e€rs,. Thenry, = % + % (G40 (2, 1) + 2ixqa0 (2, 1)),
where

128
qav(x,t) = 7(7284 —5)t? (t2 -|-£L‘2) ,

and

4
Quw(z,1) = 2—7{8(28854 +7)tt +2t% [4(288s4 — 11)2% +9] — 9 (42® + )%}, (15)

with s4 being an arbitrary parameter. An example is plotted in Fig. 7.

Here, again we have |up| = | — 1+ 5|, and
€ 37
‘/42% 1+§ (854—E) .

Iraz(x, 1)l

Fig. 7 — Fourth order |r4,| perturbing function, using equation (15). So the full solution is given by
p=po+eray(z,t), where € is small. Here s4 = 0.2. The maximum is about 1.4, so we need to ensure
that 1.4e < 1.

5. HIGHER ORDER NONLINEAR-SCHRODINGER EQUATIONS REGARDED AS
PERTURBATIONS ON THE BASIC ONE

5.1. FOURTH ORDER (n = 4) NLSE ROGUE WAVE

We now consider the combined second and fourth order NLSE. The fourth
order part can be viewed as a perturbation on the basic second order NLSE.
We now add additional terms, and actually study the fourth order (n = 4)
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nonlinear-Schroédinger equation regarded as perturbation. We take

o
e+ Y g Koj[u] =0, (16)
j=1

where, in this subsection, ay = 1/2, a4 = € and the other s are zero. The function-
als are [21]:

Kolu(z,t)] = ug+2ulul?
and
Kylu(z,t)] = wge + 8|l uge + 6ulul* + dulus|? + 6uiu® + 2uuj,.
The exact rogue wave solution (for any ¢) is [21]
1+2i(12¢+ 1)z -
)= |4 -1 Z(66+1).’E 17
wet) = s rae 1 ¢ {17
We set u = pe'(11697 and 1 = poe’. We now restrict ourselves to small |e|.
So, to order €, p — pg = €r4, where
964 .
ra= ot (4% — 42® +diz + 1), (18)

and D = 4t? + 422 + 1. We plot |r4| from this in Fig. 8.

Fig. 8 — Fourth order |r4| from equation (18). Here, the fourth order (n=4) nonlinear-Schrodinger
equation is regarded as perturbation on the basic NLSE. So the full solution is given by
p =po + era(z,t), where € is small. The maximum is 24, occurring at t = 0,2 = :I:%, so we need to
ensure that 24e < 1.

We find
1

T 14126

Vi (19)
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5.2. SIXTH ORDER (n = 6) NLSE ROGUE WAVE

Furthermore, we now consider the combined second and sixth order NLSE. The
sixth order part can be viewed as a perturbation on the basic second order NLSE. To
study this, we now take ay = 1/2, 4 = 0,6 = € and all other «’s being 0 in eq. 16,
where the new functional is Kg.

Further, taking j = 3, we find Kg as the sixth order, i.e. sextic operator. It
includes a sixth order derivative [21] and can be written:

K] = tuuaee + [6007 10| * + 50(¢*) 2bes + 245 ©0°
40 [120 Yuaae + 8ty + 22000ul®] 4 [18¢reetp +T0(4*)707] +20 (v2)* 4y
100 (590t} + 30" Y] + 2007, + 1043 [wrf + 2¢*¢;§] +209|9[°. (20)
The exact rogue wave solution (for any ¢) is [21]

14+ 2B ,
() = [4 +2iBsx 1] pidsz

AB2z2 441241
where B3 = 14 60¢ and ¢3 = 1+ 20e. We set u = pe'®37 and ug = poe'®. We now
restrict ourselves to small |e|. So, to order €, p — pg = erg. We have

21

4805z

e =75 (4¢% — 42 + diz +1). (22)
We find
Ve = ! = 1 (23)
7 By 1+60¢

5.3. GENERAL HIGH-ORDER (ANY j ) NLSE ROGUE WAVE

In fact, if we set a.p = 1/2, and then only include one higher-order functional,
Ksj,j > 1, with aip; = € and all other ¢s being 0, then

u(z,t) = (24)

1+2iBjz 1| gidsa
4B§x2+4t2+1 ’

where B; = 1+ Fje [23], ¢ = 1+ 8,7))2' €, and F; = 3((]2@%' This reduces to Eq. (17)
when j = 2 and to Eq. (21) when j = 3. To order ¢, we have p — py = €ry;. So

8Fr , o 9 . 8ijx(27)! , o 9 .

where D = 4t? + 422 + 1. So the shape of |r2;] is the same as in Fig. 8, and only
the vertical scale changes with j. Its maximum value is 2F}, and this occurs at
t=0,x= :t%; so it is 24 when j = 2, as Fig. 8 shows, while it is 120 when j = 3
and 560 when j = 4, etc.

25 =
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We find
1 1

Ej - 1 + GFj ’
In fact, Egs. (19), (23), and (25) use exact results for the full equation, so we
do not require € to be small.

ng =

(25)

6. PERTURBATION ON BOUSSINESQ EQUATION

Now we discuss the perturbation terms associated with rogue wave solutions
u = u(x,t) of the perturbed Boussinesq [24] equation :

1
Upt + Ugy — (u2)zm - gu:m::wc + 6S($,t) = 07 (26)

where subscripts denote partial derivatives, and the perturbation equation term, S(x,t),
can involve various derivatives. Equation (26) (with S(z,t) = 0) was introduced
by Boussinesq in 1871 to describe the propagation of long waves in shallow wa-
ter [25,26].

The first order rogue wave solution is [27]: u = ug(z,t) = Qaa—;ln[F(x,t)],
where F(z,t) = Fy(z,t) = 1+ 22 + 12, s0

4
u:uozﬁ(tz—xzﬂ). (27)
0
It is useful to define v using
82
v=uv(z,t) = 7281‘875 In[F(z,t)].
Then
8tz
Vo= —5 .
Fg

6.1. AN ILLUSTRATIVE PERTURBATION

We now include a perturbation term, S(x,t) = ug; in the left hand side of the
above equation, viz. Eq. (26). Here € is small. We can obtain the correct solution, to
order €, by writing F'(x,t) = Fy(x,t) — et x. This leads to:

t2 (4 — 262) +detr —42% +4
u= .
(Fy— etx)?

So this solution, written to order e, is

U= UO‘f‘pr(l’vt)y
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where

4 tx
py(z,t) = w5 (3t —2®+3), (28)
0

and this solves Eq. (26) to order e. We plot this in Fig. 9. Then
Zg(v(ac,t) —vo)=1—-tt+6t%2 -2t =1— (t2 —2tx — :EQ) (t2 + 2tz — 332) . (29)
€

To order e, the constants of the motion, [* w(z,t)dz =0 and [~ v(x,t)dz =0
still hold, as does the conservation law u; + v, = 0.

Now, using regular rogue wave volume definitions (e.g. see [19]) after expand-
ing v and v, we find:

1 [ [ .
Vu:&r/_m/_mu2(x,t)dxdt:1+4€2

and

1 [ e, 1 3,
Vo=— v (z,t)drdt = -+ —¢€
s ) ) . 3720

The ‘higher order’ volume is:

1 [e.e] o0
Vi, / / u3(x,t)dxdt:2+§ez.

8m —o0 J —oo

Fig. 9 — Solution component py(x,t) from equation (28) for perturbing function S(x,t) = uzy in
equation (26). So the full solution is given by u = ug + epy(x,t), where € is small. The maximum is
about 1.122, so we need to ensure that 1.122¢ < 1.

For the basic rogue wave of the Boussinesq equation, viz. Eq. (27), these
quantities have exact values of 1,1/3, and 2, respectively [27]. Hence, to the accuracy
employed here (i.e. order €), these remain unchanged when the perturbation is added.
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In fact, this is not unique, as we can extend it by using:
F(x,t) =t*+ 2> +1—€[z(t+da) +jot],

where da, jo are arbitrary constants.
This corresponds, to order ¢, to having

p(x,t) F3 /4 = 2(dy +1) (3t2 — 2% +3) + jot (t2 73x2+1) .

If we set do = 0, jo = 0, then the solution reduces to that above, i.e. equation (28).
For example, dy would be set by the initial condition:

4(1—x2) x(3—a:2)
(22 +1) e Y@y

u(x,0) =

Further,
(v—00)Fy /(2€) = —2dat (£* — 32° +1) +6t°z(jo+ ) — (2° +1) (2joz +2° — 1) —t*.
If d = j2 = 0, this reduces to Eq. (29).

7. CONCLUSION

Our aim was to analyze perturbations on the nonlinear Schrédinger and Boussi-
nesq equations. We have done this by determining the actual rogue wave shape
changes created by the appearance of various physical perturbing effects and we have
plotted these. This work can be important in that it allows assessment of the maxi-
mum local amplitude change due to a perturbation that will not significantly disrupt
the whole evolution of a rogue wave pattern.
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