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Abstract. A dynamic theory of coherent X-ray radiation of beams of relativistic
electrons intersecting a single-crystal plate is developed, taking into account magnetic
permeability. Expressions describing the spectral-angular and angular densities of
parametric X-ray radiation are obtained and investigated, taking into account the
divergence of the beam of relativistic electrons and the magnetic permeability of the
single crystal.
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1. INTRODUCTION

If a charged particle crosses a single crystal, its Coulomb field is scattered by
a system of parallel atomic planes of the single crystal, generating parametric X-
ray radiation (PXR) near the Bragg scattering direction [1-3]. There are kinematic
[4,5] and dynamic [2,3] approaches to describing the PXR generation process.
Unlike the dynamic approach, the kinematic approach takes into account the
interaction of each atom only with the primary wave in the single crystal, i.e., it
neglects the interaction of the atom with the wave field created in the single crystal
by the combined scattering by all other atoms. Within the framework of the two-
wave approximation of the dynamic theory of diffraction, coherent X-ray radiation
of relativistic electrons in a single crystal plate was considered in [6-7], where the
joint contribution of PXR and diffracted transition radiation was taken into
account. In the Bragg scattering geometry, parametric X-ray radiation of a
relativistic electron is considered in detail in the monograph [8], which describes
many works carried out over a fairly long period of time. Further development of
the dynamic theory of PXR and DTR of a relativistic electron in a single crystal
was presented in the works [9-11] for the general case of asymmetric reflection of
the electron field relative to the target surface, when the system of parallel
reflecting layers of the target can be located at any given angle to the target surface.
It is also necessary to note the great interest in recent years in the generation of



4 A. Noskov 2

PXR of relativistic electrons in periodic layered media in a wide X-ray range [12-
17].

In all the cited works, coherent X-ray radiation in single crystals and
periodic layered media was considered without taking into account the magnetic
properties of the medium, i.e. when the magnetic permeability of the medium is
equal to unity p=1. It is known that the magnetic permeability of natural tungsten

is not initially equal to unity, its value is p,, =1,000068 , and its permittivity at the
radiation frequency o =8keV takes the values &, =0,99990441 .

The real parts of the dielectric and magnetic susceptibility at this radiation
frequency take the values: XL =6,8-10" and x. =-9,5-10"°. They have the same

order of smallness, and with an increase in the radiation frequency, the value of y’

will decrease in absolute value and the magnetic susceptibility can have an
increasingly significant effect on the PXR. In [18], a theory of coherent X-ray
radiation of a relativistic electron in a magnetized single-crystal plate was
constructed. An expression was obtained and investigated that describes the
spectral-angular density of the PXR, containing the magnetic permeability of the
single crystal.

In a real experiment, beams of relativistic electrons with a certain initial
angular divergence are used. The angular divergence of the electron beam can have
a significant effect on the spectral-angular and angular densities of PXR. Since the
peak width of the PXR spectrum in a single crystal is usually on the order of 1-2
eV, the angular density of PXR is a common measured value in the experiment.
The angular divergence of a beam of relativistic electrons can greatly affect the
angular density of radiation. This work is devoted to the study of the influence of
the magnetic permeability of the medium on the spectral-angular and angular
densities of PXR. In this work, a theory of PXR of a beam of relativistic electrons
is developed. It is shown that within the framework of the two-wave approximation
of the dynamic diffraction theory, two branches of X-ray waves with different
dependences of the length of the photon wave vector on the radiation frequency
can make a significant contribution to the angular density of PXR for a certain
magnetic permeability of the medium, depending on specific conditions.
Expressions describing the spectral-angular and angular densities of two branches
of PXR are obtained and investigated, taking into account the magnetic properties
of a single-crystal plate and the angular divergence of a beam of relativistic
electrons.

2. DYNAMIC X-RAY DIFFRACTION IN A MAGNETIZED SINGLE CRYSTAL
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Let us consider the radiation of a relativistic electron in a single crystal
(Fig.1). The notations introduced by Fig.1: @ is radiation angle relative to detector

axis e,; 0, is the angle of photon propagation n relative to beam axis e,; y is
incidence angle of an electron with velocity V relative to beam axis e;; 0 is
radiation angle relative to detector axis e,; n, is the direction of propagation of a
scattered photon near the Bragg scattering direction; , is the angular divergence

of the electron beam; o is the angle of inclination of planes of a single crystal
relative to the target surface.

Fig. 1 — Geometry of radiation in a multilayer structure

The vectors under consideration can be represented as:

0,=0,+0, ,0=0,+0 , y=y +vy ,

1 ., 1 1 1
V:(l—ayz—awzjel-i-\y, ngz(l—aezjeﬁﬂ, nz(l—iegjeﬁﬁo,

ey=0,e00,=0,ee,=cos20,,e,0=0. (1)

y=1/1-V? - Lorentz factor of the electron; g - reciprocal lattice vector. The
modulus of the reciprocal lattice vector g is determined by the expression

g=2w,Sin6,/V , where wg is the Bragg frequency, 0, is Bragg angle. The
wave vectors of the incident and diffracted photons have the form:k =wn,
k, =on,. Vectors 0,0, and y, are perpendicular to the plane of vectors k and

k,. Vectors 0,0, and y, are parallel to the plane of vectors k and k.
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Considering the field strength vector of a relativistic particle to be
transverse, we expand the strengths of the incident and diffracted waves into unit
polarization vectors:

_EW O (2)a(2) _EFO®O LM 2
Em,k - Eu),ke +Ew,ke ! Ew,k+g _Ew,k+geg +Ew,k+geg ' (2)

Let us write the polarization vectors we have chosen as follows:

o _ k9] e@ _[k,e“)} 0@ _ [kg,e(l)}
=8 = 8y == . (3)
* k9] k ¢ K,

In expansions (2), the polarization vectors e and e® are perpendicular to

e® =e

the vector k, and the vectors e}’ and e{” are perpendicular to the vector k+g.

Further, we will use the notation k, =k+g. The vectors e® and el lie in the
plane formed by the vectors k and k_, we will we will call the corresponding field

strengths 7 -polarized. The vectors e and e{’ are perpendicular to the plane of

the vectors k and k; (o - polarization).

From the usual system of Maxwell equations for the electromagnetic field,
an expression for the Fourier images is obtained, describing the relationship
between the intensities of the incident field E_, , and the diffracted field E in

ok o,k+g

asingle crystal, as well as the current density j,

(K? —po® (1420 ()) ) E, i —K(KE,, 1) — 10 Y% (0)E,, 1.y =4miop],,. (4)

g0

Where p is the magnetic permeability of the single crystal, ® is the
frequency of X-ray radiation, y,(w) is the average dielectric susceptibility in the
single crystal, y,(w) =y, (w)+iyg(o) is the expansion coefficient of the dielectric
susceptibility in terms of the reciprocal lattice vectors:

2(@) =70 (@) + D%y (w)e™.

g=0
It should be noted that the real part of the expansion of the dielectric
susceptibility in terms of the reciprocal lattice vectors of the y, is determined by

the expression:

14~ 14(F(@)12)(S@)/ NoJowp g |
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where F(Q) is the form factor of an atom containing Z electrons, S(g) is the

structural factor of the unit cell containing N, atoms, u_ is the root-mean-square
amplitude of thermal vibrations of the crystal atoms. The work considers the X-ray
frequency range (x, <0,%, <0). The imaginary part of y, () is determined by the

expression:
14 n 1
=% exp(—z gzuf).

The imaginary and real parts of the average dielectric susceptibility are
determined by the expressions:

oN

2
, ,
o
f1gv X0 =7 f,

o1 1.0
To=77 Z 2

2
where, ®, :4/4nne is the plasma frequency of oscillation of electrons of the
m

medium, n is the density of electrons of the medium, e is the charge of the
electron, is the mass of the electron. The quantities f, and f,are the real and

imaginary parts, respectively, of the atomic scattering function f = f, +if,, which

depends on the atom of the substance and the frequency of the radiation. In
calculations, the values of these quantities are usually taken from tables.

Let us consider the two-wave approximation of the dynamic theory of
diffraction. Two strong waves are formed in a single crystal, the rest are negligibly
small, which corresponds to the reflection of X-ray waves from one system of
parallel atomic planes of the single crystal. The incident and diffracted waves
transform into each other and constructively interfere. The wave vectors of these
waves kand k, differ by the reciprocal lattice vector of the considered system of

parallel atomic planes of the single crystal g. Let us substitute expressions (2) into
(4) and carry out the corresponding transformations within the framework of the
two-wave approximation of the dynamic theory of diffraction. We obtain a system
of equations for the Fourier transforms of the amplitudes of the electric field
strengths of the incident and diffracted waves, which contains the magnetic
permeability p :

(k2 — o’ (14, ((o))) ES —po’y_ (@)ES,,CC =8n’inweQ®s(w—kV),

o,k+g

((k +9)? —po? (L35 (@)) Eg — 1025 ()ESC =0, (5)
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where the following notations are introduced:
60 _ o) — (L) 0 O _ @ _
Ct? =gl =(-1)'C® , c® =1, C® =|cos26,|
QY =ef'V=0, -y, , Q9 =e’V=6 +y, . (6)

The system of equations (5) for s=1 and t=2 describes o -polarized
fields. For s=2, the system of equations describes w -polarized fields, and if

20, < g ,thent =2, otherwiset=1.
From the system of equations (5) follows the dispersion relation:
(kg — 10" (L4 20)) (K —po” (L4 ,)) — W0y, C?* =0. U]

Let us find the solution to equation (7) in the form:

k=w,/u(1+x0)+ko, kgzw«/u(l+xo)+7yg. (8)

Let's use the expression that connects the dynamic additives A, and kg:

™ Y

’ Yo 0
@, is the angle between k and the normal vector N, ¢, is the angle between K

and N.
Substituting (8) into (7), we take into account the small value of the dynamic

additives: ‘ko‘«m and ‘7»0‘«0;). We obtain expressions for the lengths of the

wave vectors of X-ray radiation in a thin non-absorbing target, near the velocity of
the relativistic electron k{’, and near the direction of Bragg scattering k) ,,:

' C(S)

ks, :m«/p(1+xo)+—m‘xi (&(S)(m)i /é(s)(m)z—gu), )
4 C(S)

o = (L 2o) +—°°‘Xg2‘ (£2(@)+E @ o). O

where g:‘yg‘/yo is the asymmetry parameter, £ () is the frequency function

(12). We see that photons with wave vector lengths k{, and k{, can contribute

to the PXR, that is, under certain conditions, two branches of PXR can exist and
contribute to the radiation.
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3. ANGULAR DENSITIES OF TWO BRANCHES PXR

We will solve the system of equations (5) for the electric fields inside the
single-crystal plate, as well as outside it, under the conditions: y_, =%,=0 and
u=1. Applying the usual boundary conditions on the input and output surfaces of

the target, we obtain an expression for the amplitude of the Fourier transform of the
electric field strength of the PXR photons. Then, using the well-known expression
for the spectral-angular density of radiation:

d°N
0)—
dedo, do,

2

2
=0’ (2m)° Y |ESk
s=1

we obtain expressions describing the spectral-angular densities of two branches of
the PXR of a relativistic electron crossing a non-absorbing (y;=0) thin

monocrystalline plate with magnetic permeability p:

( b(S)EE?Z) ]
2 .
SIN° | —————
3N ©) 2 2 2 ()
I Nowaz _ € & Q® Zio) 2

2 2

. (1)

dod0,d0y ="k (1 ~2(1-1/ \/;))z FOm?) (3,

2

In formula (11) the following notations are introduced:
I'= Y_Z +(6, _WL)Z + (9” + \V”)zv

(s) A(s)
AP = (A +21*69)? —8u’cP AL sin? (sz ,

() _ (A'(5) 2 ()2 2 () A(S) qin?2 b(S)Ai(S)
AY = (A +2u°c,”)" —8uc,’ ALY sin — ]

a2 = c H
(. Je®z
FO () =2 _8“4_8“5,”2[M ,
€

s s 2 1 2,
o =c<>——[1——j, 0 =l8 (0, ~v. )"+ O, +v,)* 17 ~%5),

o

69 (0) =19()+ 28 o) -
v

2sin? 0, (1_ o(l-6,cty eB)J

Vi [c¥ 2
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b 1 L ¢ _ 1 _sin(6, —9d)

=2-—W’ oxt T~e ' &5 )
sin(0, +8) L¢ m|xg|C sin(, +8)

Xt

C® =1,C"? =|cos 20| .

(12)
Fors=1, expressions (11) u (12) describe the fields o - polarized, and for

s =2 the fields r - polarized.
n®(w) is a rapidly changing function with a change in the radiation
frequency in the vicinity of the Bragg frequency w,, since the inequality

a2
\%»1 is satisfied. b is a parameter equal to the ratio of half the path
Xg

length of an electron in a plate L, =_; to the extinction length of X-ray

sin(0g +9)
radiation in a single crystal L®

ext *

The parameter ¢ determines the asymmetry of the electron field reflection
relative to the target surface. Fig. 1 shows the arrangement of the reflecting atomic
planes, at which the angle between the surface and the atomic planes is positive
8>0, in this case: e <1. In the case of symmetric reflection: =0 and €¢=1. In
the case of a decrease in the angle between the electron velocity and the target
surface, at a fixed 0, the angle 5 becomes negative: <0 and € >1.

The contribution of the first and second branches to the spectral-angular
density of the PXR will be significant when the denominator in the spectral part of
expressions (11) is close to zero:

) _ [e®2 _
SO _ g 5 e —Jus® =0, (13)
€
(s) ()2 _
s _ & & —ep —Jus® ~0. (14)
€

The solution of equations (13) and (14) determines the frequency o, in the
vicinity of which the spectrum of PXR photons emitted at a fixed angle 0(9,,0,) is
concentrated:

O Je-1)
a(S)*((O*):'\/aJ“\/;(G \/E ) , (15)

26%

2 1 1 _
where: ¥ =6® - —= _|1-—— |, 6 =———((0, —y,)*+ (0, +v,)* +v 7 +[x}|)-
6. =0 |ng|c<s)( \/;j |ng|c(s)( T i Rl |0|)
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It should be noted that the solution (15) is the same for the first and second
branches of the PXR. However, the work revealed that the first branch of the PXR
exists when the inequality is satisfied: o <i , and the second exists when the

N

inequality is satisfied: ¢* >%. It follows that in the case when the conditions:
€

€>1 and p=1 are satisfied, the inequality: c¥ <% is not feasible, since the
€

inequalities: ¢® >1 and o >1 are always satisfied. In this case, the first branch of

the PXR is not generated. But if the magnetic permeability is greater than unity

u>1, then the inequality o® <L can be satisfied in the symmetric case (e=1)

NS

and even in the case of ¢>1 at certain values of the magnetic permeability n, the
Lorentz factor of the electron y and the observation angle 6(6,,6,). In this case,

the first branch of the PXR can be of significant importance. Thus, by increasing
the magnetic permeability of a single crystal, it is possible to create conditions for a
significant contribution of the first branch of the PXR, when the value of the
asymmetry parameter is greater than or equal to one €>1. The second branch of
the PXR can exist together with the first branch of the PXR at magnetic
permeability values greater than one u>1, but at different observation angles.

Because at some observation angles the inequality o < % can be fulfilled, and at
€

other observation angles the inequality: ¢ > % .
€

From solution (15) it follows that the maximum of the spectral density is in
the region: £9(w)>/en . The lengths of the wave vectors of two propagating X-ray
waves in a magnetized single crystal have the form (9). From the moduli of the
wave vectors (9) it follows that in the region of radiation frequencies corresponding
to the inequality: £ <eu, expressions (9) take complex values even in the
absence of photoabsorption. Interference absorption of X-ray radiation occurs,
which corresponds to maximum reflection. This region is called the frequency
region of total external reflection of X-ray waves; in a magnetized single crystal it
corresponds to the inequality:

I+e . I+e
- Su-%ﬁ( k@ﬁ/;-% - (16)

The width of this region is determined by the relation: An® =2,fey .
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From solution (15) and inequality (16) it follows that the frequency of the
maximum of the PXR spectrum, as well as the width and location of the frequency
region of total external reflection, depend on the magnetic permeability p and the
asymmetry parameter ¢ .

We obtain expressions describing the angular densities of the PXR. To do

this, we integrate expressions (11) over the frequency function n(s) (o), using the

(S)
relation: 9° - |Xg| n®(w) . The angular densities of the two branches of the
® 2sin? 05
PXR take the form:
(s) sin2 (b(S)Zg)VZ) ]
d*Nikay |Xg|c & Q®” i T x 2 dn®
2 s) s) 2 !
de.de,  n’ 2sin’@, (F—xa—Z(l—llﬁ)) ot FO(®) (=)
17)

Expressions (11) and (17) describe the spectral-angular and angular densities
of the PXR taking into account the magnetic permeability of the single crystal p.

They are obtained for an electron moving at an angle y (v ,y,) to the axis of the

electron beam e,. To take into account all possible rectilinear trajectories of

electrons in the beam, it is necessary to average these expressions over the
Gaussian distribution function:

f(v)=

2 2
exp( LA ] ] (18)

™, Yo

since in real beams the electrons are usually distributed at angles relative to the
beam axis according to this distribution. The parameter vy, will be called the
divergence of the beam of emitting electrons (see Fig. 1).

We average expressions (11) and (17) over the electron distribution function
in the beam (18). We obtain expressions describing the spectral-angular and
angular densities of PXR, normalized to one electron, taking into account the
angular divergence of the electron beam:

dsNS>)<R(1,2) e’ & 1
@ ST 2 Ce o
dwdd,do, / = pys F¥(M™)

()52 (s)
50, 0%exp| — VYL i | 226
+00 +90 \UO 2

x_'[J_‘[o (r_xg—z(l—l/\/ﬁ))z (ZﬁZ))Z

d\Vlqu! (19)
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s e (s)
dlegX)R(l,Z) _ i |X9|C g’
do, do, m° 2sin 0, piyl

2 2 (5)52(5)
Q®%exp _Yit¥ sin? L)
w 0 Wz w Z(S) 2
0 (1,2)

d
i ) | PO

¥ |dy dy,. (20)

The obtained expressions for the spectral-angular and angular densities of
the PXR, taking into account the angular divergence of the electron beam, the
asymmetry of the reflection of the electron field relative to the target surface and
the magnetic permeability of the single crystal, are the main result of this work.

4. NUMERICAL CALCULATIONS AND ANALYSIS

Using the obtained expressions, we will perform numerical calculations for
a specific case. Let us consider the radiation of a relativistic electron with the
Lorentz factor y=500, intersecting a single-crystal tungsten plate W(110) of

thickness L =10um . The angle between the axis of the electron beam e, and the

system of reflecting atomic planes of the single crystal (110) is equal to 6, =20,5°
, in this case the Bragg frequency near which the radiation spectrum is formed is
equal to g =8x>B. At the radiation frequency under consideration, the real part
of the average dielectric susceptibility of the tungsten single crystal has the value:
¥, ==9.6-107. In this paper, we will restrict ourselves to the case of symmetric

reflection, when the system of parallel atomic planes of the single crystal is parallel
to the target surface (8 =0 and ¢ =1). In the captions to some figures, the values

for the natural magnetic permeability of the tungsten single crystal
w,, =1.000068 will be highlighted. The remaining values of magnetic

permeability can be obtained by placing a single-crystal plate in a certain external

magnetic field. The calculation will be carried out for o-polarization, when s=1.
Fig. 2 shows the curves constructed using formula (11) describing the

spectral-angular densities of the second branch of the PXR of a relativistic electron

moving along the electron beam axis e;, when y, =y, =0. . The curves are
constructed at a fixed observation angle: 6(0,,0,), where 6, =10mrad, 6, =0.
This angle corresponds to the angle of maximum angular density of the second
branch of the PXR: 0, ~/y™ -, ~10mrad, which corresponds to Fig. 3. Fig. 3
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shows the curves constructed using formula (17) describing the angular density of
the second branch of the PXR. The curves in Fig. 2 and Fig. 3 are constructed for
different values of the magnetic permeability of a single crystal p and show a

significant effect of the magnetic permeability of a single crystal on the spectral-
angular and angular densities of parametric X-ray radiation. It should be noted that
the angular densities of the PXR are symmetrical with respect to the ordinate axis.
It follows from the figures that a small change in the magnetic permeability of a
single crystal plate leads to a significant increase in the spectral-angular and
angular densities of the PXR. This new interesting result is related to the fact that
the resonance condition (14) becomes closer to zero in this case. In this case, the
spectral-angular density of the PXR shifts according to expression (15). In the case
of equality of the magnetic permeability of the unit in Fig. 2, the curve of the
spectral-angular density of the PXR is not given, since it is small and is located
significantly to the right of the given curves. It should also be noted that in the case
when the single-crystal plate is tungsten, then for accurate calculations it is

necessary to take into account its magnetic permeability: p,,, =1.000068.

8-10°
dﬁ Nr(‘li

* 7 PXR(2)

on—=="
dwd6 do
6-10°

W

b

1

;A_q

-0.1 0 0.1
N (o)

Fig.2 — Spectral-angular density of the second branch of the PXR for different magnetic permeabilitys
of a single crystal. Designations: 1-p =1.00005 , 2—p,,, =1.000068 , 3 —u =1.00009 .
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2A7(D) 0.8
d NR\R(2>
de de
foton 0.6
e -ster.
0.4
0.2

0 20 40 50
6, .mrad

Fig.3 — Angular density of the second branch of the PXR for different magnetic permeabilities of a
single crystal. Designations: 1-pu =1, 2— 1 =1.00005 , 3—p,, =1.000068 , 4 — . =1.00009 .

Fig. 4 shows the curves constructed using formula (11), describing the
spectral-angular densities of the first branch of the PXR, which correspond to the
fulfillment of the resonance condition (13). The curves are constructed for the
observation angle: 0, =4mrad, 6, =0, which corresponds to the maximum angular

density of the PXR. Fig. 5 shows the curves constructed using formula (17),
describing the angular density of the first branch of the PXR. From the figures it
follows that the first branch of the PXR depends significantly on the magnetic
permeability of the single crystal under the conditions under consideration.

1.5-10° di;\]kli

PXR(1)

O—
dwd6,do

-0.15 0 0.5 11(“(0)) L5
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Fig.4 — Spectral-angular density of the first branch of the PXR for different magnetic permeabilities
of a single crystal. Designations: 1- 1 =1.00005 , 2— u=1.000068 , 3 — 1 =1.00009 .

2Ar(D) 5
d NP.\R(l)
do,do, 4
foton
e -ster.
5
2
1 2
po
2
0 2 7 4 6 8 10

0, mrad

Fig.5 — Angular density of the second branch of the PXR for different magnetic permeabilities of a
single crystal. Designations: 1-p =1, 2- 1 =1.00005 , 3- 1 =1.000068 , 4 — . =1.00009 .

3.10° 3ar(l)
3-10 ® d NPXR
dodd do, | ,
I 2.10*
10°
jlu A J\h/\ Ve
-0.15 0 0.2

.r](l) ((!)) 04

Fig.6 — Comparison of spectral-angular densities of the first and second branches of the PXR for
magnetic permeability p =1.00002 . Designations: 1 — the first branch of the PXR, observation angle
6, =4mrad, 6, =0 ; 2 —the second branch of the PXR, observation angle 6, =10mrad,0,=0.
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It should be noted that for magnetic permeability values close to unity, the
first branch of the PXR has a negligibly small spectrum width compared to the
second branch of the PXR, this is demonstrated by the curves shown in Fig. 6. This
is due to the fact that the resonance condition of the first branch of the PXR (13)
changes very quickly with a change in the frequency function n(w) subject to the

condition: o <X When the magnetic permeability increases, the value &

Je
decreases, which leads to the fact that the resonance condition (13) changes more
slowly with a change 1 (w), while the spectrum width of the first branch of the

PXR increases (Fig.4). This leads to a significant increase in the angular density of
the first branch of the PXR (Fig.5).

From a comparison of Fig. 3 and Fig. 5 it follows that the angular densities
of the first and second branches of the PXR exist simultaneously at different
observation angles. In this case, the maximum of the angular density of the second

branch of the PXR is located at an observation angle eLz,/y’Z—xg, which

corresponds to the usually accepted angle of maximum for the PXR. The maximum
of the first branch of the PXR is at smaller observation angles. This is due to the
fact that at these observation angles the resonance condition (13) for the first
branch of the PXR is satisfied.

With an increase in the magnetic permeability of the single crystal, peaks
appear in the angular density of the second branch of the PXR at small observation
angles 0, , which is demonstrated by the curves shown in Fig. 7 and Fig. 8. The
appearance of such peaks is due to the fact that in the angular part of the angular
density of the PXR (17), under the condition that the magnetic permeability is
greater than one p >1, the denominator can be equal to zero:

y-2+ej—xg—2(1—1/\/ﬁ)=o. (21)
In this case, we obtain two points of maximum angular density:
0, =i\/2(1—1/\/ﬁ)+x(’) —v?, (22)

which determine the peaks in the angular density of the PXR in Fig. 7 and Fig. 8.
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3ar(l)
d NP.‘.'R(:)

O——
dwd6 do
8

- gl

0 5 10 15 20
0, .mrad

Fig.7 — Angular density of the second branch of the PXR for magnetic permeability p=1.0001 .

3 (1)
d NPXR(z)
(D—
d(ode_dell
2
150
100
3
50 ]
0 5 10 15 20
0, .mrad

Fig.8 — Same as in Fig. 7, but for larger values of magnetic permeability. Designations: 1
n=1.00012, 2—- . =1.0002 , 3—n=1.0003.
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Since in the X-ray frequency range far from the region of anomalous
dispersion, the real part of the average dielectric susceptibility is negative: y; <0,

then in the case when p=1, equation (21) cannot have a real solution and

expression (22) is complex. Obviously, the anomalous peaks in the angular density
of PXR are manifestations of an effect similar to Vavilov-Cherenkov radiation,
only in the X-ray frequency range of radiation. Indeed, in the case of p=1,

solution (22) will correspond to the maximum of Vavilov-Cherenkov radiation at
x5 >0: 0 =+x; -y . In the X-ray frequency range of radiation, the condition:
%o >0 1is possible only in the region of anomalous dispersion, when the radiation

frequencies are close to the frequencies of atomic radiation due to electron
transitions in the atom. Thus, in the present work it was revealed that under certain
conditions, by changing the magnetic permeability of a single-crystal plate, it is
possible to obtain conditions for the generation of parametric X-ray radiation
peaks, which have the nature of Vavilov-Cherenkov radiation.

In a real experiment, a single-crystal target is crossed by a beam of
relativistic electrons, and the contribution of each electron to the spectral-angular
and angular densities of the PXR is not coherent. The calculations were performed
above for the case when one relativistic electron moves along the axis of the
electron beam. In fact, the electron beam in a real experiment has an angular
divergence of v, . Using the expressions (19) and (20) obtained in this paper, we

will consider the effect of the electron beam divergence on the spectral-angular and
angular densities of the PXR for different magnetic permeability’s of the single-
crystal plate.

Fig. 9 shows the curves constructed using formula (19) describing the
spectral-angular density of the second branch of PXR at different angular
divergence of the electron beam for magnetic permeability equal to unity pu=1.
The figure shows a decrease in the amplitude of the spectral-angular density of
PXR and a slight increase in the width of the spectrum with an increase in the
angular divergence of the electron beam. In the case when the angular divergence
is equal to: y,=0.1lmrad, it has a very weak effect on the spectral-angular density
under the conditions under consideration. Therefore, the curve for this divergence
is not shown in the figure. The effect on the spectral-angular density of the
divergence will be significant starting from w, =0.3mrad , as shown in Fig. 9.
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Fig.9 — Spectral-angular density of the second branch of PXR at different angular divergence of the
electron beam. Magnetic permeability pn=1. Designations: 1-y, =0, 2—y,=0.3mrad , 3—

y, =0.5mrad .

Figure 10 shows curves similar to those in Figure 9, but with magnetic
permeability equal to p=1.00009. It follows from the figure that with an increase

in the angular divergence of the electron beam, additional peaks in the spectral-
angular density of the PXR appear and grow. This is due to the fact that with the
magnetic permeability under consideration, the fulfillment of the resonance
condition (14) significantly depends on the angle of deviation of the electron

velocity \y(\u L,\4;”) relative to the axis of the electron beam ¢,. Therefore, when
averaging the spectral-angular density of the PXR over various rectilinear
trajectories of electrons in the beam, which are determined by the angle \Il(\l/p‘l’u) >

additional spectral peaks of the PXR grow, while the amplitude of the main peak of
the PXR decreases.
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Fig.10 — Same as in Fig. 9, but with p =1.00009 . Designations: 1-y, =0, 2—y, =0.3mrad , 3—
y, =0.5mrad .
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Fig.11 — Spectral-angular density of the first branch of PXR at different angular divergence of the
electron beam. Magnetic permeability p=1.00009. Designations: 1-y, =0, 2—y,=0.3mrad, 3—

y, =0.5mrad .
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If the angular divergence of the electron beam is approximately equal to
that characteristic of electron accelerators:y, =0.1mrad, then the angular

divergence will have no effect on the spectral-angular density under the conditions
of the influence of the magnetic permeability of the single crystal on the spectral-
angular density of the PXR. For the first branch of the PXR, the result is the same,
this is demonstrated by the curves presented in Fig. 11

Let us consider the influence of the angular divergence of the electron
beam on the angular density of the PXR. Fig. 12 and Fig. 13 show the curves
constructed using formulas (20) describing the angular densities of the second and
first branches of the PXR for different values of the angular divergence of the
electron beam v, , for magnetic permeability equal to n=1.00009. It follows from

Fig. 12 that under the considered conditions, a significant dependence of the
angular densities of the second and first branches of the PXR on the divergence of
the electron beam begins with different values of the divergence angles

v, =3mrad and y, =1mrad, respectively. This is due to the fact that the angular

density of the first branch of the PXR is at smaller observation angles than the
angular density of the second branch of the PXR.

As a result, it can be noted that in a real experiment under the considered
conditions, the angular divergence of the electron beam will not affect the angular
density of the PXR. However, with a sufficiently large angular divergence of the
electron beam, comparable to the value of the angle of the maximum of the PXR,
the influence of the divergence will be significant, but will not affect the
manifestation of effects associated with the influence of the magnetic permeability
of the single crystal on the spectral-angular characteristics of the PXR.
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Fig.12 — Angular density of the second branch of PXR at different angular divergence of the electron
beam. Magnetic permeability u=1.00009. Designations: 1-y, =0, 2—y, =1mrad , 3—y, =3mrad
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Fig.13 — Angular density of the first branch of PXR for different angular divergence of the electron
beam. Magnetic permeability pn=1.00009. Designations: 1-y, =0, 2—y, =1mrad , 3—

y, =3mrad. .

5. CONCLUSION

In the work, within the framework of the two-wave approximation of the
dynamic theory of diffraction, a theory of parametric X-ray radiation of beams of
relativistic electrons intersecting a magnetized single-crystal plate is developed.
Expressions are obtained that describe the spectral-angular and angular densities of
two branches of the PXR, including the magnetic permeability of the single crystal
w. It is shown that under the condition p>1, both branches of the PXR can be

significant simultaneously, but at different observation angles. A significant
increase in the spectral-angular and angular densities of both branches of the PXR
with an increase in the magnetic permeability of the single crystal in a certain
range, which depends on the parameters of the radiation process, is shown.

It is shown that at certain values of p, there are conditions when an effect

similar to the Vavilov-Cherenkov effect can appear in the PXR. As a result of this
effect, peaks appear in the angular density of the PXR, which were previously not
observed or predicted by anyone. Expressions describing the spectral-angular and
angular densities of two branches of the PXR taking into account the angular
divergence of the relativistic electron beam are obtained. It is shown that the
angular divergence of the electron beam in real experiments will not affect the
manifestations of effects associated with the influence of the magnetic permeability
of the single crystal on the spectral-angular characteristics of the PXR. At a
sufficiently large angular divergence of the electron beam, comparable with the
value of the angle of the maximum of the PXR, the influence of the electron beam
divergence will be significant. It is shown that this will not affect the
manifestations of effects associated with the influence of the magnetic permeability
of the single crystal on the spectral-angular characteristics of the PXR.
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