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This paper investigates the Lie symmetry structure, conservation laws, and novel
soliton solutions of a nonlinear Schrodinger equation. We determine the admitted Lie
point symmetries and establish the associated Lie algebra generated by I'1 = 9z, I'o =
0O¢, and I's = x0y + 2t0;. The algebraic structure is explored through the commutator
table, adjoint representation, and classification of the optimal system of subalgebras.
Corresponding similarity reductions transform the PDE system into reduced ordinary
differential equations, for which approximate solutions are constructed using power
series methods. In addition, conservation laws are systematically derived via conserva-
tion theorem, linking the symmetries to physically meaningful invariants. Novel soli-
ton solutions have been established using the modified generalized Riccati equation
mapping method (MGREMM). The results provide a comprehensive symmetry-based
framework for the system under study, contributing to the broader understanding of
nonlinear coupled PDEs and their analytical properties.

Key words: Lie symmetry; Lie sub algebra; optimal systems; conservation laws;
MGREMM; soliton solutions.

1. INTRODUCTION

Nonlinear partial differential equations (PDEs) play a central role in modeling
complex phenomena in physics, engineering, and applied sciences. In particular,
systems of coupled nonlinear PDEs arise naturally in fluid dynamics, plasma physics,
nonlinear optics, and the theory of integrable systems. The mathematical challenges
associated with these equations stem from their nonlinear structure and the presence
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of non-trivial coupling terms, which often prevent the direct application of standard
solution techniques [1-15].

In recent decades, Lie group analysis has emerged as one of the most powerful
tools for investigating nonlinear PDEs. By exploiting the invariance properties of dif-
ferential equations under continuous transformation groups, Lie symmetries provide
systematic techniques for symmetry reductions, classification of invariant solutions,
construction of optimal systems, and analysis of the underlying algebraic structures.
Moreover, Lie symmetries play an essential role in establishing connections between
integrability, conservation laws, and invariant solutions [16-22].

The use of symmetry methods in nonlinear PDE analysis has a long and rich
history. The pioneering works of Sophus Lie established the foundation of contin-
uous symmetries in differential equations [23]. Later developments by Bluman and
Kumei [24] expanded these ideas to practical algorithms for symmetry reductions
and similarity solutions. Conservation laws, as fundamental structural invariants,
were traditionally obtained via Noether’s theorem; however, the advent of new theo-
rem [25, 26] provided a unifying framework applicable to both variational and non-
variational PDE systems. This has enabled a broader class of physical and mathemat-
ical models to be studied through conservation law analysis. Recent studies have ap-
plied Lie symmetry methods to nonlinear wave equations [27-29], reaction-diffusion
systems, and fluid flow models [30-32].

Nonlinear Schrodinger (NLS) equations have emerged as foundational models
in the study of nonlinear dispersive wave phenomena. They arise naturally in many
physical contexts—such as nonlinear optics, plasma physics, fluid dynamics, and
Bose-Einstein condensates—where the interplay between dispersion and nonlinearity
dictates the evolution of wave packets [33-39]. Unlike the linear Schrodinger equa-
tion, its nonlinear counterpart admits a wealth of dynamical behaviors including self-
focusing, modulational instability, and the formation of coherent structures [40—42].

Among the most remarkable solutions of the NLS equation are solitons—loca-
lized waveforms that preserve their shape and velocity over long propagation dis-
tances. The concept of solitons, initially observed in shallow water dynamics, later
found formal grounding in the theory of integrable systems. In the NLS framework,
bright solitons arise in focusing media as localized pulses, while dark solitons rep-
resent intensity depressions in defocusing media. Their stability and particle-like
interactions have made them indispensable in both theory and applications, includ-
ing optical communications and ultrafast signal processing [43—48].

In this work, we consider the nonlinear Schrodinger equation [49] given by

219,29
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In particular, the classification of Lie algebras and the construction of optimal sys-

— i + Vg + 0. (D



Lie group structures and soliton solutions to the nonlinear Schrédinger equation 3

tems, establishing soliton and exact solutions using efficient integration schemes have
proven essential in reducing PDEs to ordinary differential equations (ODEs) for ob-
taining exact or approximate solutions.

It should be noted that, the specific nonlinear Schrédinger equation studied in
this paper has not, to the best of our knowledge, been systematically analyzed from
the viewpoint of Lie symmetries, algebra classification, conservation laws as well
as presentation of its solution by the employed method. Our contribution therefore
extends the scope of symmetry-based analysis to this class of nonlinear Schrédinger
equation, providing both theoretical results and methodological tools for future stud-
ies.

The paper contributes to the complete Lie symmetry classification and opti-
mal system construction, the derivation of ODE reductions and approximate power-
series solutions, the systematic determination of conservation laws via Ibragimov’s
theorem, and presentation of novel soliton solutions. These results contribute to the
broader program of symmetry-based methods in nonlinear PDE analysis and pro-
vide tools for further investigations of integrability, exact solutions, and qualitative
properties of the model.

2. LIE GROUP ANALYSIS

In this Section, we perform the Lie group analysis for the governing equation.
We take into account the transformation:

W x,t) = P(x,t) +iQ(x,t), 9*(x,t) = P(z,t) —iQ(x,t). )

Substituting Eq. (2) into Eq. (1), we decompose into real and imaginary parts as
follows:

PPy PQ;
_ - P..=0
OGP prrgeo1 el 3)
2 P2

+P2+Q2_1 P2+Q2_1
The admitted symmetry generators for the equation (3) are

'y =0, 'y =0, I's =20, + 2t0;.

2.1. COMMUTATORS

The non-vanishing commutation relations are

[y, T3] =T, [[3,T3] = 2Ts.
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The commutator table is:
[,-]| Ty Ty T3
I 0 0 I'y
Iy 0 0 2Ty
I's | -I'y =2y O

2.2. ADJOINT REPRESENTATION

The adjoint action is defined as
Ad(exp(eX))Y ==Xy, adx(Y)=[X,Y].
From the commutation relations we obtain
Ad (exp(sfg))Fl =e Ty, Ad (exp(ng))Fg = e 2Ty,
Ad(exp(sfg))F3 =TI3, Ad(exp(afl))Fg =TI'3—al,

Ad (eXp(brg))Fgg = Fg - 2()1—‘2
The adjoint table is
Ad ‘ F1 P2 FS
exp(sT3) | e™*T'1 e 2Ty I's
exXp aI‘l) Fl FQ Fg - aI‘l
eXp(bFQ) Fl FQ Fg — 2bF2

2.3. LIE ALGEBRA CLASSIFICATION
The Lie algebra is solvable but non-nilpotent. The ideal
I =span{l';,I'2}

is Abelian, and the adjoint action of I's on I is diagonal with eigenvalues 1 and 2.
Hence, the algebra is the semidirect product

g=R? xR,
classified in Mubarakzyanov’s list as A§ 5 with parameter a = 2:

[61763} =e1, [62,63] = 2es.
2.4. OPTIMAL SYSTEM OF ONE-DIMENSIONAL SUBALGEBRAS

Herein, we derive the optimal system of one-dimensional subalgebras.

1. Lie algebra and commutators: The generators are

I :895, Iy :at, I's = 20, + 2t0;.
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A direct calculation gives the nonzero brackets
[F17F3] = F17 [F27F3] = 2F2

Equivalently,
5, Ih]=—-T1,  [I'3,o]=—2I.

. Adjoint representation: We write the adjoint action as
Ad(e*)Y =ef XY, adx(Y)=[X,Y].

From the brackets:
Ad(esr?’)Fl = e_sfl, Ad(esr3)F2 = G_ZSFQ, Ad(eer)Fg = Fg,

Ad(e“rl)Fg = Fg — CLFl, Ad(ebFQ)Fg = F3 — QbFQ,Ad(earl)FLg = FLQ,
Ad(ebFZ)FLQ = FLQ.

Matrix form In the ordered basis (I'1,T'2,T'3),

0 0 1 0 0 0 -1 0 O
adr, =0 0 0|, adr,=10 0 2], adry=(0 -2 0
0 00 0 00 0 0 O
Hence
Ad(esr?’) — esadry _ (6_8, 6—237 1)’ Ad(earl) =TI+aadp,,
and

Ad(e"™2) = I +badr,.

. Strategy for the optimal system: Two one-dimensional subalgebras (V') and (V)
are equivalent if V' = A Ad(g)V for some ¢ in the Lie group and A # 0. Thus
we classify orbits of nonzero vectors

V=al'1+bT2+cI'3s (a,b,ceR)
under the adjoint group, up to nonzero scalar multiples.

We will use the explicit coefficient transformations induced by the basic adjoint
actions:

Ad(e™) : (a,b,¢) = (a—caqg, b, c),
(bOFQ) (a,b,c) — (a, b—2cby, c),

Ad(esr?’) - (a,b,¢) — (e *a, e %D, ).
(Note: multiplying V' by A # 0 does not change the one-dimensional subalge-
bra.)

. Orbit simplification by cases:
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Case A: c#0. StartwithV =al'1 +bI'9+4cI's.
(a) Use Aal(eaoF 1) with ag = % to zero the I'; coefficient:
(a,b,c) — (a—cap, b, c) = (0, b, c).
(b) Use Ad(ebor2) with by = % to zero the I'y coefficient:

(0,b,¢) > (0, b—2cb, c¢) = (0,0,c).

(c) Since scaling by a nonzero constant does not change the 1D subalgebra,
normalize to ¢ = 1:

V ~Ts.

Therefore, every V' with ¢ # 0 is equivalent to I's, hence one representative is
(T's)

CaseB:¢c=0. ThenV =al'y+bls.

(@) fa#0and b=0, then V ~ I'y.
(b) Ifa=0and b#0, then V ~ I'.
(c) If a # 0 and b # 0, act by Ad(esri‘):
(a,b,0) = (e"%a, e72%b, 0).
The ratio transforms as
¥ e 2% B b

e °—.
e %a a
/

b b
‘ to obtain — = =+1; then multiply V' by —1 if needed
a a

Choose s = In

(overall scalar) to get b’ /a’ = 1. Rescaling gives the canonical representa-
tive
V ~T1+4T1s.

Thus, for ¢ = 0 we obtain three inequivalent classes:

(I'1), (La), (T1+T9).

5. Optimal system in summary: Collecting both cases, an optimal system of one-
dimensional subalgebras is

<P1>7 <F2>7 <F3>’ <F1 +P2>-
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6. Consistency checks

b
e The adjoint orbits of I'; and I'; cannot intersect: the ratio — for al'; 4 bI'9
a

changes by a positive factor e~ under Ad(e*'?) and cannot turn a pure I'y
vector into a pure I'y one.

e Any vector with ¢ # 0 can be shifted (by Ad(e®!'1) and Ad(e®?)) to
remove its I'; and I's components, leaving only I's.

e The list contains exactly one representative from each distinct orbit type
and is minimal.
3. REDUCTIONS TO ODES

In this Section, using the results obtained in the optimal system, we reduce the
PDEs to ODEs and establish power series solution of the reduced equations.

(A) Translation in z: (I'y) Ansatz: P = P(t), Q = Q(t). The system reduces to
P =0, Qt =0,

so the invariant solutions are constants.

(B) Translation in ¢: (I';) Ansatz: P = P(z), @ = Q(x). The reduced ODE
system is

2 2
p,, P+
P2+@%-1
QPI+QY)
Qm+P2+Q2_1 =0.

(C) Scaling symmetry: (I's) Invariant variable: { = ;—2,
ansatz P(x,t) = F(¢), Q(x,t) = G(¢). The reduced ODE system is

4 2F F/2 G/2

G'(¢) - CFQ(JFG;F_I ) +4CPF" () +6CF'(¢) =0,
4 2G F/2 G/2

F'(Q)+ COl 4 )*4C2G”(C)*6CG’(C)=0-

F2+G?2—-1
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(D) Travelling-wave symmetry: (I'; +T'3) Invariant variable: £ = x — ¢, ansatz
P(z,t) = F(§), Q(x,t) = G(§). The reduced ODE system is

F(F/2 + G/Q)

~G'(§) - FPraEo1 +F"(€) =0,
G F/2 G/2
—F’<«5>+F(2+G+2_1)—G”<§> 0.

3.1. POWER SERIES SOLUTIONS

In each reduction we expand the dependent variables in a Taylor series about
the expansion point (taken to be the origin of the reduced independent variable).
Below we denote the expansion variable and series coefficients for each reduction as
follows:

e Reduction (2) (time-translation I'9): independent variable x,

P(z) = po+piz+pea® +psz®+0(a?),
Q(x) = q+qr+qa®+ga®+0@?h).

Let Dy := p2+¢3 — 1 (assumed nonzero so the denominators below are defined).

t
e Reduction (3) (scaling I'3): independent variable ( = —5»
T

P(z,t) = F(C) = fo+ fil+ [l + 3 +0(CY),
Qz,t) = G =go+g1C+ g3 +g3+0(¢h,

with Dy := f2+ g2 — 1.

e Reduction (4) (travelling I'; +I'9): independent variable £ = x — ¢,

P(x,t) = F(&) =ap+a1€+at?+az&34+0(&Y),
Q(x,t) = G(&) =bo+bi&+ba&*+b383 +0(&h),

with Do := a3+ b2 — 1.

We now give the substitution, coefficient matching, and explicit formulas for
the first nontrivial coefficients in each case.
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REDUCTION (2): P = P(z), Q@ = Q(x) (TIME-TRANSLATION)

The reduced ODE system is

P(P2+ 032
P, — M — Q7
P2+@%-1
Q(P?+Q2)
*Qxac + 2 .12 1 = 0.
P2+Q2—1
We substitute the series
P(x)=po+piz+poa’+psa’+-o, Q) =dqo+az+aa’ +gza’ -

compute Py, Py, Q:, Q22 expand each equation in powers of = and equate coeffi-
cients to zero. The algebra yields the following recursion (we display the first non-
trivial coefficients):

2, 2
Do (pP1+¢
2Dy
2, 2
At 2° (second equation): qo(p%+qf)—2q2D0:() _— QQZQO(le;_ql)_
0

Proceeding one order higher (equating the coefficient of 2! to zero) gives

p1(p+ai)

6Dops—p1(pi+qi)=0 = p3= ;
6Dy

2, 9
q(p7t+4q
6Dogs —q1 (i +4i) =0 = Q3:(61DO 1)-

Therefore, up to cubic order,

opi+al) o pipi+q) 3

b 4
P(x) = 0
(z) =po+pi1z+ 2Dy © 6D T T (z*),
Gt +at) o alPit+ai) s 4
= @
Qz)=q+qz+ 2ps “tep, Ut (%),

with Dy = p2 + ¢3 — 1. The free parameters are po,qo,p1,q1 (they are the Cauchy
data at z = 0).
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REDUCTION (3): SCALING I's (VARIABLE ¢ = t/z%)

The reduced system (with prime denoting d/d() is

’ ACF(F?+G") ., o
GO = —Frrgz_q HICF(Q+6CF () =0,
/ A4CG(F?+G?) ., o
F(O+ —frrgz—q 46" (-6 () =0.
We assume
F(Q) = fo+ fiC+ LG+ 3+, GO =g+01(+g0+0+-,

and set Dy := fg + gg —1 (again assume Dy # 0). We expand the equations in powers
of ¢ and match the coefficients.
The coefficient matching gives immediate simple relations at the lowest orders:

¢"terms: ¢, =0, J1=0,
¢Uterms: 6f1 4292 =0 = go =0, 2fa—691 =0 = fo=0,
C?terms: 3g3Do=0 = g3 =0, 3f3Dp=0 = f3=0.

Hence, up to cubic order the series truncates to constants at this regular expansion
point:
F(O)=fo+0(h, G =g0+0(C"),

and the first nonzero derivatives at the origin are forced to vanish by the differen-
tial relations. (This indicates that a nontrivial small-( behaviour may either require
higher-order terms, non-analytic expansions, or different expansion points; but the
regular Taylor expansion about ¢ = 0 yields constant leading terms with vanishing
low-order derivatives.)

REDUCTION (4): TRAVELLING-WAVE I'; +I's (VARIABLE ¢ = 2 — )

The reduced travelling ODE system (prime denotes d/d¢) is

, F F/2+G/2 Y
—G(f)—F(ngGg_l) F7(§) =0,
G F/2+G/2
—F/(f)‘i'F(g_i_Gg_l)—G”(f)ZO-

We set
F(&) =ao+aif+a® +as&®+--, G(E) =bo+b1E+ b2+ b33+,
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and Dy := a3 +b2 — 1 (we assume Dy # 0). We substitute and match the coefficients.
The lowest-order relations give

b 240

Atfot —ao(a%—i—b%)—i—(Qag—bl)Dg:O = a2=i+m,
2 2Dy

At €% (second equation) by(a? +b3) — (a1 +2bs) Dy =0

_bo(ai+bf) a1

— b 2Dy 5

Equating the coefficients at order &' yields linear equations for a3, bs. Solving these
gives

fa%al + a? +a%b0 — albg +a1b% +ay+ bob%

4= 6 Do ’
—a%bl — aoa% — aob% + a%bl — b%bl + b:f + b1
bs = )
6 Dy
Thus, up to cubic order,
b ag(a® +b?
F©) = ap+arg+ (3 + DN 460 o(el),

bo(af +b7)

G’(ﬁ):bo+b1§+( 5D

a
— 5 )&+ b +0(EY,
with ag, b3 as displayed above and Dy = a + b3 — 1.

REMARKS

1. In each case the lowest coefficients pg, qo,p1,q1 (or ag,bg,a1,b1, etc.) are free
constants representing initial data at the expansion point. The higher coefficients
are determined algebraically in terms of them, as shown.

2. The scaling reduction (3) yielded vanishing low-order derivatives in a regular
Taylor expansion about ¢ = 0; that indicates either constant leading behaviour
near ¢ = 0 or that nontrivial solutions may require expansion about a different
point or non-analytic series such as fractional powers, a common occurrence
when the independent variable appears multiplied by derivatives as in this scal-
ing reduction.



12 Abdullahi Yusuf et al.

4. CONSERVATION LAWS

We examine the conservation laws of the system under consideration. Consider

PP2 2
Fl::Qt_F,g_fQ_';Q_xi"i‘sz:Oa (4)

Q(P; +Q3)
F23:Pt+m—Qm:oy ©)

with Lie point symmetries
I =9,, T'y =0, I's =x0, +2t0;.
We introduce the adjoint fields ®(x,t) and ¥ (x,t) and the formal Lagrangian
L=OF, +VF.
For compactness we denote
D:=P*+Q*-1, S:=P>+Q?  M:=-0P+TQ.
The adjoint system F}" =0, F%y = 0 is obtained from the Euler operators

oL oL
= — = F* = —_— =
op =0 QT 5Q

5L AL oL oL o OL
=00 l) 200 ) 2 ) vetrar

The needed partial derivatives are

F;;I Oa

where

I g L 0L _ 0L _
8Pt B ’ aQt - anm - 8Qxac N ’
oL 2P, M oL  2Q, M
oP, D’ 0Q, D’
oL _ (5 2P%S\  20QPS oL _20PQS (S 2Q%S
oP D D? D2 0Q D2 D D? )’
Hence

oL 2P, M
Fp = 5~ D)= 0, (25 ) 4 D) o,

F = gg — Dy(®) —Dm<2QgM> — D2() = 0.

For a Lie symmetry

X =10, 4+ €50, +nF 0p +1%0q,
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we define the characteristics
W= —¢P—¢"P,, W= —¢'Qi—£" Qo

Since our generators have no dp,dg components, we have nt =n?=0.

For equations up to u; only, Ibragimov’s conserved vector C' = (C*,C?) is

oL oL
t_ ot P Y~ Q7=
ct=¢c+w aPthW 50;"

oL oL oL

T _ T P o P
=L+ W <8Px D””apm) + (D W )8PM
oL oL oL
Q _ Q
+ W (aczm DwangD) W) 50

With the derivatives above this becomes the convenient general form
ct=¢r+wrov + wéo,

2P, M

szgwc+WP< —<I>x>+(DzWP)<I>

2Q. M
+ W@ <QD+%> — (D, W) .

By construction,
DiC'+ D, C*=WFP Fj+ W@ F{) + (terms proportional to F, Fy),
so D;C*+ D,C® = 0 on joint solutions of Egs. (4), (5) and Fr = Fé =0.

CONSERVATION LAWS FOR EACH SYMMETRY

(i) Spatial translation I'y = 0,. Here (% =1, £ =0, and
WP=-P, W=-Q,, DW'=-Py, DW?=-Qu.
Thus
Ch,==P¥ - Q, @,

2P, M 2Q. M

On the original equations F; = F5 = 0, the £ term vanishes.

(ii) Time translation I'> = 0;. Here (' =1, £* =0, and

WP=—-p, W°=-Q, DW'=-P,  D;W%=-Q.
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Hence
Ct,=L - P¥ — Q®,

2P, M 2Q. M
C%Q—_Pt< D _q)x>_Ptm¢'_Qt< QD +\Ilm>+th\Ij

Again L drops out on Fy = F5 =0.

(iii) Scaling I's = 20, + 2t0;. Here £* =z, &' = 2t, and
WP =_2tP,—z P, D WP = =2t Py — 2 Ppy — P,
WO =-2tQ;—zQ, DW® = =2t Qry = Qur — Q-
Therefore
CI'ZS =2tL + (—2tP,—xP,) ¥V + (—2tQ1 — Q) P,

[\

P, M
D
+ (=2t Q1 —2Qy) <2Q§M

On I, = F5 = 0 the terms with £ vanish.

Ct, —x£+(—2tPt—a:Pa;)< —@m) + (=2t Py — 2 Ppy — Pp) @

—{—\I/x> — (—QtQm —2Qpe — Qx) v

5. THE CHARACTERIZATION OF THE SPECIFIED ANALYTICAL METHODOLOGY

This Section presents the essential ideas of the MGREMM [50]. The funda-
mental stages of the MGREMM are delineated below:

Step 1: We consider the following expression as indicative of the comprehensive
framework of nonlinear partial differential equations (NPDEs)

Q(ﬁ>ﬂzaﬁtaﬁmtaﬂxza“') :07 (6)

where 2 denotes a set of polynomials that encompasses 9 (x,t) along with its deriva-
tives.
We take into account

O (x,t) = p(c)eTHTHH00) ¢ — g — ot 7

whereas e'(=#7+71400) denotes the phase component, and v signifies the wave ve-
locity. In the phase components, /3 represents soliton frequency, v denotes wave
number, and © signifies the phase center. By employing Eq. (7) in Eq. (6), a
nonlinear ordinary differential equation (NODE) is derived as:

G(9.¢',¢",...) =0, ®)
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In this context, G represents a polynomial that includes ¢ (<), ¢’ (s), ¢” (s), and so
forth, all of which are total derivatives. The prime symbol’ indicates the operation d%'

Step 2: Here is how to write the solution to Eq. (8):

=a ma~ @ S . K,(g) '
9=t Y a0+ 30 () ©
where

K (¢) = b0+ 61 K (¢) + 82 K2 (), (10)

01, 02, and 03 are real constants and o = 5% — 46¢62. The value of m can be de-
termined using the balance principle, which establishes a relationship between the
highest derivative and the nonlinear term.

Step 3: By utilizing Eq. (9) within Eq. (10) and performing some calculations,
all terms can be collected to obtain an algebraic equation. Setting each coefficient of
the equation generates a system of equations.

Step 4: By solving the obtained system, the unknown parameters can be determined
and substituted into Eq. (9). This leads to obtaining the anticipated solutions for Eq.
(1). The roots regarding the parameters d1, d2, and d3 of Eq. (8) are:

Family 1: When o = 67 —46y62 > 0, and d; 5 # 0 (or 5d2 # 0):

K1 (¢) = —% (51 +/otanh <§>> (11)
Ko () = —% <51 + /o coth <§>) (12)
Kg(g):—ﬁ(51+f(tanh(\f§)izsech(fg))) (13)

Ky(s)= —2—62 ((51+\f(coth (\/Eg :l:csch( ag))

) )
K5 () = —422 <251 ++o (tanh <*fg> +coth (f{))) , (15)

/(A2 + B2) (87 — 46052) — Ay/07 — 43065 cosh (mg)
209 (B—l—Asinh (WQ)

- 2, (16)

) (14)

Kg(s) =
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V(5424 B2) (57 — 48002) + A/87 — 4800 sinh (/57 — 430056 )

fate) = - B+ Acosh (/67— 46z
_ 25512 (17)
Ks(s) = ﬁsinhQ(fj;?)Sh—(ggih /o)’ (18)
Ko(s) = ﬁcoshif;;ign)h_(é‘/izh /o)’ (19)
K00 = Vo vag b e (T E 0
K10 = Vit s (P E 7 b
48y sinh (L7 ) cosh ( %Z¢
Fiz() = 2/eosh? (7<) - 251 ;n})l (‘fgg j:osz (<) -ve 22
Family 2: When 67 — 46062 < 0, and 6182 # 0 (or §pd2 # 0):
Kis(e) = 5+ (—51 +V=otan (“j‘%)) , (23)
K14(<):—2§2+(51+ﬁc0t <\/2_7U§)>, (24)
Kis () = 222 4 (=614 v atan (vVooe) £see (VToQ)),  (25)
Kis(<) = 222 (=61 + v acot (Voao) ese (vVTaq)),  (26)
Ki7(s) = 4152+ <—251+M<tan (*CTQ) —cot <*/47g)>> (27)
Kis(s) = o= (_61 +Vo (B2 ) — Ay =ocos (V=aq) ) .
259 Asin (v/—o¢) + B
Ko 285 cos (@g) o)

\/—osin (gg) + 01 cos (\/2_7§) 7
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20psin (VT:%)

Koo (s) = ; (30)
—41sin (@g) ++/—0Cos (‘/2:7§)
260 cos( —og)
K = 31
2 () \/—asin( —ag) + 87 cos( —ag) +./—=0’ D
24p Sin( fo'g)
K = 32
22 (<) v/ —0cos ( —ag) + 01 sin( —ac) +/—0’ 32)
4 6psin (@c) cos (?g)
K3 ()= . (33)
2+/—aocos? (?g) — 267 sin (?g) cos (‘/T:rg> —/—0c
Family 3: When §p =0 and 6192 # 0 :
0150
K =— , 34
24(5) 92 (o + cosh (d1¢) —sinh (d1¢)) (4
Kos (<) = 01 (cosh (d1¢) —sinh (d1¢)) (35)

S (G0 + cosh (d15) —sinh (d1¢))

5.1. IMPLEMENTATION OF THE MODIFIED GENERALIZED RICCATI EQUATION MAPPING
METHOD

This Section endeavors to formulate optical solutions to equation Eq. (1)
through the application of the stated method. To get the solutions of Eq. (1), sub-
stitute Eq. (7) into Eq. (1) and then separate the resulting expressions into real and
imaginary components, yielding a pair of equations as follows:

(y=B8%) o+ (82— 7) ¢° + 20209 + a%¢" — a?¢%¢" =0, (36)
and
v =2ap0. (37

By equating ¢ with ¢ in Eq. (36), we determine the balance number m = 1. Sub-
stituting this value into Eq. (9) leads to the derivation of the subsequent solution
formula:

¢(§)=a0+a1K(<)+51II((/((;>~ (38)
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Subsequently, replace the solution of Eq. (38) in Eq. (36) and identify the coefficients
of the various powers; this results in the following system of equations:

K<) = —2apb?a’sy — 30’6361,

K'(¢) = 2b1a%63 —2a2b10253 4+ b3 8263 — 3403 — 6a1b30°5;5 — 6aghia’ s,
— 363020367 — 4b3a2530,,

K%(5) = 3agh?B?62 — 3agBiyd3 — 8apaiba?63 + 3b1a*626, — 3a2bia’626,

+ 36352036, — 36370201 — 19a1b30 6561 — 6agbia’da67 — 3b3a26263
—  8apb?a?635y — 166302636169,

K8(s) = a}a®6100 —2apaia’63 4 atbya?6,05 — dagabra’ss — ay b3, 05

2a0b30205 — b3a25165. (39)

The results that are obtained upon solving the algebraic system presented in Eq. (39)
are as follows:

0 26 2
: L b=y =F%  (40)

NI SN/ BT v S/ Y s

Now multiple distinct solutions by considering Eq. (11) till Eq. (35) are generated.
By taking into account Eq. (40) with Eq. (36) and Eq. (37), a variety of exact solu-
tions for the model under study are obtained as follows:

ag =

The following solutions are constructed when o = 5% —46p62 > 0 and 6192 # 0 (or
0002 # 0) and the solutions in the family 1 are considered:

By employing Eq. (11) in conjunction with Eq. (38) within the framework of Eq.
(1), one can derive the rational solutions of the hyperbolic function, as illustrated in
Fig. 1:
191 (l’,t) _ ei(*ﬂx+52t+90)
(—5% + 46085 — 611/67 — 48005 tanh (%a (z—2Bt) /37— 45052)>
V3T — 43005 (81 + /07 — 40035 tanh (3o (2 — 26t) /5T — 43003 ) )

(41)

Plugging Eq. (12) along with Eq. (38), yields
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imag[#1 x4

Fig. 1 — The graphics of Eq. (41) for the values of 69 =1, 61 =2, 2 =0.3, « =2, §=0.2, and
0=1.

Ba(x,t) = el(-PetBi+oo)
(—5% + 4800 — §1+/5% — 43903 coth (%a (z—28t) /67 — 45052)>
VT — 43005 (81 + /07 — 40033 coth  Ja (z — 26) /5T — 46053 ))

(42)

Plugging Eq. (13) in Eq. (38), yields

193 (;L‘, t) _ ei(—ﬁx+52t+90)
(—51 /0% — 48003 — 2id003 cosh (a (z—26t) /07— 45052))
63 — 20003 + 2idodsinh (o (v —260) /6T —40033)

X

(43)
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Plugging Eq. (14) in Eq. (38), yields

194 (.%', t) _ ei(*ﬁerﬁQtJrGO)
(—5;2 + 46085 — 811/ — 43903 coth ( a(z—26t) /57— 45052)>

1

2
B1v/0F — 40032 + (53 — 408 coth ( Jor(w —280) /5T —4000 )
(44)

Plugging Eq. (15) in Eq. (38), yields

Js ((E,t) _ ei(—ﬁx+52t+90)

(—811/87 = 4800, + 2608z sinh (o (w — 28t) /57 — 43032 ) )

X
52 — 26005 — 28005 cosh (a (z—2pt) /37— 45052)
(45)
Plugging Eq. (16) in Eq. (38), the singular solution is attained
g (x,1) 5 ol P
z,t) = -6 —————
‘ /02— 1300,
ei(—ﬁx+ﬁ2t+60)
07— 4300
4505 (B + Asinh (a (z—2pt) /32— 45052))
X )
\/ 62 — 46052 cosh (a (x—2pBt) /02 — 460(52> +
Q4+ A
1 sinh <a (x—2Bt)\/62 — 45052>
(46)

where © = Boy — /(A2 + B2) (67 — 40062).

Plugging Eq. (17) in Eq. (38), the combined of hyperbolic functions solution is
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attained
D7 (x,t) _ ei(*5w+52t+90)

— BO12 +4Body — 61,/ (A2 + B?) (57— 45062)

— A (63 —46002) cosh (a (x—2Bt) /02 — 45052>
— A1/ 62 — 48005 sinh <a (z—2Bt)4/62 — 45052>
By 4/ (— 42 + B2) (57 — 4606) +
/0% — 4546, | Adicosh <a (z—2Bt)\/ 0% — 45052>
+ Ay /02 — 4506, sinh (a (z—26t) /62 — 45052>

47

Plugging Eq. (18) in Eq. (38), the dark solution is attained as seen in Fig. 2:

(o 1
Vg (x,t) = _ei(=Ba+Bt+00) tanpy <2C¥($ —2p3t) 4/ 6% —4(50(52) i (48)

Plugging Eq. (19) in Eq. (38), the hyperbolic function is attained as seen in Fig. 3:

(B 1
B (2,t) = —el(—AFA+00) oty <2a(x—2ﬁt)\/5%—45052>. (49)

Plugging Eq. (20) in Eq. (38), yields

Yo (z,t) = —ei(=BatBt+b0) o py <a (z—28t)\/62 — 4(5052>
X <i+sinh <a (z—2pt) /6% —4(50(52>> . (50)

REMARK 1. Using Eq. (21) in Eq. (38), provided the same solutions given in Eq.
(49).
Plugging Eq. (22) in Eq. (38), yields

Y11 (z,t) = —%ei(_5$+52t+90) tanh (ia (x—2Bt)\/ 63— 45052>
1 2
X <1 + coth <4a($—25t)\/5%—46052> ) . (51)

When o = (5% — 46002 < 0 and 6162 # 0 (or §pds # 0) and upon examining the solu-
tions within family 2, the subsequent solutions have been derived:
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imagwﬂ(x‘l))

Fig. 2 — The graphics of Eq. (48) for the values of g =1, 61 =5, 2 =0.3, « =0.2, 5 =0.2, and
0=2.

Plugging Eq. (23) in Eq. (38), yields

P19 (J:,t) = ei(_ﬁx+’32t+90)
(=02 +40062 — 01¥ tan (o (z—2tB) W)

V07 — 40002 (31 + ¥ tan (La(z —2t8) W)’

(52)
where U = /—§% 4+ 46062. Plugging Eq. (24) in Eq. (38), yields

913 (2,t) = ei(—ﬁx+52t+90)
(=02 +40062 — 01 cot (Lo (z—2tB) W)

/02 — 438009 ((51 + ¥ cot (%a(m —2tf3) \I!)) .

(33)
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00 -

a0

[ttty 2
el

Fig. 3 — The graphics of Eq. (49) for the values of 69 =1, 61 =2, 2 =0.3, « =0.2, § =0.2, and
0 =3.

Plugging Eq. (25) in Eq. (38), yields

(_5% 4605y 4 6,0 (sec (a(z—2tB) W) >>

+tan (a(x —2t6) ¥)

\/m<51—‘1’ <sec(a(:v—2tﬂ)‘ll) ))

+tan (a(z —2t3) )

V14 (1) = ei(—ﬁaz+52t+00)

(54)
Plugging Eq. (26) in Eq. (38), we attain
-5V cos (%a (x —2t5) \I/)
1
_ - (5% — 46002) sin <§a(w—2tﬂ) \IJ>
s (2,t) = e1(—ﬁm+ﬁ’2t+90) (55)

1
U cos (§a (x—2tB) \IJ)
/67 — 40002

+ 43 sin (%a (x—2tB) \Il)

REMARK 2. By employing Eq. (27) alongside Eq. (38), and subsequently apply-
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ing the FullSimplify command in Mathematica, one arrives at the identical outcome
presented in Eq. (53).

REMARK 3. By employing Eq. (28) alongside Eq. (38), and subsequently apply-
ing the FullSimplify command in Mathematica, one arrives at the identical outcome
presented in Eq. (55).

Plugging Eq. (29) in Eq. (38), yields

ei(*ﬁx+,32t+00)

el = e,
y 40002 (B+ Asin (a(x —2t5) ¥))

Béy — VB2 — A2+
A Wcos(a(x—2t0)V)+ Adysin(a(z—2t5) V)
ei(—ﬁx+,32t+90)

- 56)
/07— 40003 (
Plugging Eq. (30) in Eq. (38), yields
) 52—450(52tan Lo (x—2tB) \/—(52+450(52
1917 (33', t) — el(_ﬁm+62t+90) 1 (2 1 ) ) (57)

V02 — 4540,

Plugging Eq. (31) in Eq. (38), yields

VR B ot (%a (z— 2tB) /— 02 +45052)
NGRS

D (1) = —el( P+ 570400

(58)
Plugging Eq. (32) in Eq. (38), we attain

ei(*BerﬁQtJrOo)
NS

REMARK 4. By employing Eq. (33) alongside Eq. (38), and subsequently apply-
ing the FullSimplify command in Mathematica, one arrives at the identical outcome
presented in Eq. (58).

Y9 (z,t) = (U (sec(a(x—2tp)¥)+tan (a(x—2t5)¥))). (59)

In the scenario where g = 0 and ;62 # 0, and considering the solutions within fam-
ily 3, the subsequent solution is obtained:
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Plugging Eq. (34) in Eq. (38), we attain

2
oi(—Bz+A%t+00) v (‘1 + cot <ia($ —2tp) ‘I’> )

o () = —
(@)= 5% — 40005

(60)
X tan (lea (x —2t5) \I/)

REMARK 5. By employing Eq. (35) in conjunction with Eq. (38), and subsequently
applying the FullSimplify command in Mathematica, one arrives at a result that is
consistent with that presented in Eq. (60).

It is important to note that the expression ¥, which appears in (53), (54), (55),
(56), (59), and (60), is the same as the one introduced following (52).

6. CONCLUSION

In this paper, we have carried out a comprehensive symmetry-based analysis of
a nonlinear coupled evolution system involving the dependent variables P(z,t) and
Q(z,t). The admitted Lie point symmetries were determined and shown to form a
Lie algebra generated by translations in space and time together with a scaling trans-
formation. The structure of this algebra was clarified through the construction of the
commutator table and adjoint representation, and its classification was achieved by
deriving an optimal system of subalgebras. These results enabled systematic reduc-
tions of the governing PDE system into ordinary differential equations (ODEs).

The reduced ODEs were further analyzed using power series expansions, there-
by providing approximate analytic solutions and illustrating the effectiveness of the
reduction procedure. In addition, by employing a new conservation theorem, con-
servation laws associated with each symmetry generator were derived. These con-
servation laws enrich the structural understanding of the system, as they are directly
connected to physically relevant invariants such as energy and momentum.

Overall, the combination of Lie symmetry methods and Ibragimov’s conserva-
tion law framework has provided a unified approach to uncovering both the algebraic
structure and the invariant properties of the system. The findings not only contribute
to the theoretical development of symmetry analysis in nonlinear PDEs but also pave
the way for future research on integrability, exact solution construction, and the de-
sign of numerical schemes that preserve conservation laws.

FUTURE WORK

Future studies may extend the present framework in several directions. One
natural extension is to investigate the fractional generalization of the system using
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Caputo-type derivatives, which would provide deeper insights into memory effects
and anomalous diffusion phenomena. Another promising direction is the exploration
of potential integrability of the system through the Painlevé test and the construction
of Lax pairs. Moreover, numerical simulations that preserve the derived conserva-
tion laws could be designed and compared with classical schemes to highlight their
advantages in long-time integration. Finally, the methodology developed here can
be applied to broader classes of nonlinear coupled PDEs arising in fluid dynamics,
nonlinear optics, and plasma physics, thereby enhancing its relevance to both math-
ematics and applied sciences.
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